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Abstract

This research extended the HalfNormal distribution to Transmuted HalfNormal Distribution (THND) and it
generalizes the classical HalfNormal by expanding its scope to modeling high-class random process that cannot
be easily modeled with existing probability distribution. The THND was compounded and its statistical
properties were obtained such as moment, hazard function, reliability, probability density and cumulative
distribution function. This hybrid model can be used to capture non-normal data with highly skewed, heavily
tailed and leptokurtic distribution.
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Introduction

In many applied sciences such as medicine, engineering and finance, modeling and analyzing lifetime data is
imperative. Many lifetime distributions have been used to model such type of phenomena from which the data
was generated. In statistics, it is very crucial to understand the underlying probability distribution or phenomena
which the available data followed before deciding the appropriate statistical test to be employed in analyzing the
data. In this era of advancement in science and technology, many processes have become complex to the extents
that it becomes difficult to accurately model the stochastic behavior of such processes using those classical
probability distribution. Since the quality of the procedures used in a statistical analysis depends majorly on the
assumed probability model, then there is need to construct new probability distribution that can capture the
pattern of such processes and use such distribution to construct necessary statistical test, confidence interval and
making prediction regarding the subsequent behavior of such phenomena. However, there still remain many
important problems where the real data does not follow any of the classical or standard probability models
(existing distribution), hence, the need for mixing family of distribution,.

HalfNormal distribution was used to model brownian movement and can also be used in the modeling
measurement data and lifetime data. Let X~N(0,6%), then Y = [X]| follows half normal distribution. The Half-
normal is a fold at the mean of an ordinary normal distribution with mean zero, where o is the scale parameter.
By obtaining the transmuted version of HalfNormal distribution, the resulting hybrid distribution is called
transmuted HalfNormal distribution. This proposed mixture distribution has more number of parameters as
compared to its respective parent distributions (HalfNormal) and it has wider applicability exceeding modeling
particular size but in modeling many stochastic processes and stochastic phenomena which cannot be easily
modeled by one parameter probability density (parent distribution) such as disease growth, epidemiological
studies of disease, buying behavior of consumers towards certain economic product etc. It is in this view that this
research is structured to propose new hybrid distributions (Transmuted HalfNormal) with a view to studying its
properties and application to real life data to reflect the flexibility, stability and consistency of this hybrid model
as compared to its parent distributions.

2. Literature Review
Many researchers have worked on aspect of compounding two or more probability distributions to obtain family
of hybrid distributions which are more efficient than their parent distributions due to addition of more parameters
which increase the flexibility of the mixture of distributions in tracking many random phenomena which cannot
be easily modeled by their parent distributions. Many authors have also worked on compounding beta
distribution with other distributions. The beta family of distribution became popular some years back, which
include beta-normal (Eugene &Famoye, 2002); beta-Gumbel (Nadarajah & Kotz, 2004), beta-Weibull (Famoye,
Lee& Olugbenga, 2005), Beta-exponential (Nadarajah &Kotz, 2006); beta-Rayleigh (Akinsete &Lowe, 2009);
Beta Fre'chet by Nadarajah, and Gupta(2004), beta-halfnormal, Akomolafe AA and Maradesa A (2017), beta-
Gamma, beta-f, beta-t, beta-beta, beta-modified weibull, beta-nakagami among others.

Cordeiro and de Castro discussed moment generating function of for generated beta distribution. When we
consider ¢ as a random variable, the bayes convert our belief about the parameter ¢ of Halfnormal distribution
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(before seeing data) into posterior probability, P( o|X| ) , by using the likelihood function P(X]| o) .The maximum
a-posteriori (MAP) estimate is defined as:
P(0).P(X|0)

P(X)

Having used the Maximum A Posteriori Estimation and Maximum Likelihood Estimation, the mathematical
approach suggested that the Maximum A Posteriori Estimation is a better fit as compared to the maximum
likelihood estimation.

Lifetime data can be modeled using several existing distributions. However, some of these lifetime data do
not follow these existing distributions or are inappropriately described by them. Hence, the need to develop
distributions that could better describes some of these phenomena and provide greater flexibility in the modeling
of lifetime data than the baseline distributions.

g = argmax P(d|X) = argmax,

3. Methodology
A random variable X is said to have a transmuted distribution if its distribution function is given by

f)= A+ Nglx) - 2g(x) A <1

= g(x) + 2g(x) — 2Ag(x) M
And the density function is given by

F(x) = 1+ MG() — AG)? ()

F(x) = G(0)[(1 + A) —AG(x)] 3)

Where g(x) = ie 202 and G(x) = erf( ) are the cumulative distribution and density function of the parent

distribution (halfnormal). The parent dlstrlbutlon can be any probability distribution from which we want to
obtain its transmuted version.

From (1) and (3), the pdf and cdf of the Transmuted halfnormal can be obtained shown by (4) and (5)
respectively

frano(x%0,1) = [(1 + A) — 2Aerf (diﬁ)]g—\f/_zﬁe 202 (%)
We can expand (4) to get (5)
S
= el A ze 23 erf(=) 5)
Frimo G 0,2 = (1 2 (erf (7)) = acerf0° (©)

3.1 Estimation of Parameter (Maximum Likelihood Method)
Using the maximum likelihood estimation technique, we estimate the parameter of the hybrid distribution. Given
that frynp(2; A, @) is the pdf of THND, then the likelihood function is given by

xZ
L(frunp (6 %A, 0)= ]_[:l=1 [(1 + A) — 2Xerf (O'L\/E):IU_\/\/EEe 202 7
By taking the natural logarithm of (5) and obtaining the derivatives with respect to each of the parameters, we
can obtain the estimate of those parameters when setting the derivative to zero and solve the equations.

3.2 Investigation of Some Properties of the Distribution

Certain descriptive properties of the proposed distribution will be verified using mathematical and graphical
approach and other methods such as classical method of moment generating function and others. Among the
properties to be investigated are:

Moment

Ex" = f0°° X" frinn (6 4, 0) dx ®)

2 2
=1+ M= f xTe 27 Zl—f x" erf( \/_)eﬁdx )

erf (x) can expressed in term of conﬂuence hypergeometric function of the first kind

2l 32 X P 3 2
fﬁM(z,z' x) = e M(L3 20
Therefore% = (-1 % H,_; (x) e ;where H,_; (x) is Hermite polynomial

erf (x) =n~ Y2y G ,xZ) ,wherey G ,x2) could be view as incomplete gamma function, it can therefore

be expressed by the maclaurin series in
( 1)71 2n+1

T m Zn 0 ni@2n+1) (10)
By substlmtmg for the error function as a maclaurin series in (10), we obtain (11)
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xz
-1+ x)—f e dx zx—f r2 g CUM S5y (1)
0 \/ﬁ n=0 nl(2n+1)
xz
=1+ M= “xTe Zazdx—ZA “ X" x2 e 202 dx 12
n= 0n‘(2n+1) 0
2 2
-1+ x)— f x'e 2l dx — 202 =3 Om(zjl)ﬂ) [ X2 T2 d (13)
Lety=ﬁ;x=a,/y ;%=%;202dy=2xdx; otdy _ dx
© 2 n I 2
=@+ )‘)ﬁf Te_ya_dy_ _Zn On'(Zrll?i—l) Jo o e_yony (14)
o \/—

=1+ M= f x 1 _ydy 2022 Zn On'((Z:i—l)f X2l ey gy (15)

=@+ 70— I (0\/_) _ydy— 207 Zn on.(zm)f (0y2)"" e ay (16)

=1+ A)— (a\/_) yz Ze Ydy — ZA—Z 1 ( \/_)ZMH ! y2 12 e ~Ydy

VT “n=0ni(2n+1)
(17)
2) o0 1 _ 1 2nr+r—1 4T 1
-1+ x)%fo yizedy — 27\?2,1 v (0V2) [7yTTT evdy (18)
. (U\/f)r r+1 20° (" 2nr+r=1 rnrdr+1
Ex™=(1+ 1) Nz ( 2 ) 2}\\/‘271 0n'(2n+1)( ov2) ( 2 ) (19)

The (19) above represent the moment of Transmuted Halfnormal Distribution

E@) = 1+ N2 (ﬂ)— 257 —C (ov2) " (M) e =15 o)

2 n'(2n+1)

EC) = (1+ D22 - zx—z CU(ov2)" A(22) r-1

n= 0n'(2n+1)
- 4nt2-1 n
Ex*=(1 + A)—( j_;) /-(Zzi)— 22 —Zn on|(2n+1)( av2)"" (2 +22“) r=2; (21)
2

Ex®=(1+ 1) (0\/?) ﬂ_ 2)\2\7_271 On'(an)( \/—)4n+1 (2n+3) =2 22)
e i DL i (VD) (57) i =2 o)
Ex’=(1 + ‘/\)—("j;) r(32) - 2225y C2 (V)" () r =35 0

- (2’ —nn 6n+2 (34
Ex=(1+ )T - zxﬁznzo s (0VD)" (B) =3 (25)

4 30V 20° 8nt3 (mr4s\
Ext=(1+ NI - aiTyr OO (0v2) () r =4 (26)

Moment about the Mean
Variance (1) = Ex? — (E (x))2

2 N N
— 1+ )\)%ﬂ— 2}\%2: . (=1 ( \/—)4 +1 (2n+3) [(1+ )\)

2 n!(2n+1)
2n 2 2
2?\—2,1 0n'(2n+1)( \/_) (n+ )] (27)
pz=E(x — p)®
By applying Binomial Expansion it gives
_ (0\/—) 6n+2  [3n+4
: @ D Dy D) () 50 052
2 4n+1 2n+3
2}‘_271 0n'(2n+1)( \/_) /_(n+ )<(1 + V= (m/_) — 22 _Zn 0n'(2n+1)( 2) ( - )+ 2(a+
3
V2 (141 (-" 2n+1-1  fpi1+1
}\)ﬁ /—(T) - Zn 0n‘(2n+1)( 2) /_( 2 )) ) (28)

= B(x—w* = (3) 20 (=0 (1)t (D) (— it () (-

4 _
+(4).x4.(—,u)4 4
ws= Ex* — 4uEx® + 6> Ex? — 3(Ex)*
- (1+ A)““P zx—z

) R o 4<(1+ e

n=0 n'(2n+1)
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2n (n+2 (0’\/—) 6n+2 3n+4
ZA_ZH 0n'(2n+1)( \/_) ( )) 1+ ZATZn 0n‘(2n+1)( \/_) ( )+6((1 +
_ n+2 (m/?) _ 202 ntl  on+3
A)— zxv_zn On,(zm)( a2)" ( )) ((1+ N 20 R On,(zm)( oV2) ( )
4
2n 2
((1 + A)—— py R zn On,(zm)( ov2)" (22 )) ) (29)
Skewness
This is obtained as
2
e : = :

V2 nn 6n+2
(1+)\)u zx—zn e Cale) B

3nt+4

1
)~ 3(1+)\)—— zx—zn GO

3
("+2) <(1+)‘:(Jﬂ 2)\/— Zn 0n'(2n+1)( \/_)4"‘” (Z"+3)+2((1+)\)_ (ﬁ) 2)‘_271 Onv((Zrll?i—l)( \/—)2""'1 ' (n+;+1)) >

3

2
(m»ﬁ 2 o ()" ()| v 2 S v r("”)])

(30)
Kurtosis
This was derived as shown below

Y2 (x )_(”2)2

1+ )\)_(gﬂ 2)‘_271 0 n'((Zrlt?i—l) (U‘/—)Bn+3 (nr+5) ((1+ )\)_— 27‘_211 0 n|(2n+1) (U\/—) (n+2 )

“”M ZA_ZH o 2" (3n+4)+6((1”)__ Zl—zn o (D) (%) )

2 1 4n+1  2n+3 1 +2
((1“)@ zx—zn On,(@nll)( aw2) " r(BR)- ((1+ 7\)—— Zk—Zn on.((z,lll) (0v2)" =

U\/— n n n
<(1+x>—( ) v fz,, oy (0v2) ™ () [ 022 szz,, omims (V7)™ +2)]>
Hazard Rate Function
=h(x; )\, 0) = [1+A-206()1g(x)  _ hg(x; )[1+)\ 22G(x)]

[1-6(x)][1-AG(X)] 1-AG(x)

where hg(x; 0)is the baseline (parent) distribution.
x2

= \/_e 202 1+7\—27\.erf(a—ﬁ) [1+7\ ZAerf( )] = \/_e 202
=h(x;\,0) = . < = @31
e IR B CE ol B e]

X X’
V2 2 V2 T2 x
_a e M et (G

[t-er G2 (Ca)]
Order Statistics
According to Marcelo Bourguignon et al (2016), the order statistics for transmuted family can be obtained by
(30).
=fra(x;2,0) = m

transmuted family using the required baseline (parent) distribution.
- (- 1) (";’ )L+ 605 0) = MG 0N [1+ 4~

B(r,n—r+1)
20G(x; 0)]g(x)
By substituting the pdf and cdf of parent distribution we obtain the order statistics of transmuted halfnormal
distribution (THND) .

: 0 () o vers (@) err (@] e

B(r,n—-r+1)
2
X
V7

2)\erf (diﬁ)]g—ﬁe 20 (33)

(32)

F(x)" 1= F(x)]™" (30) which can be view (30) when defining it in term of
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The k'™ order moment of X, is displayed below:

© 2 r+j—1
= J; xk [(1 +AG(x; 0) — A(G() )] [1+ - 2AG(x; 0)]g(x; 0) (34)
Equation (34) can be simplify by binomial expansion as (35)
_ 1 _r . /Mm—-r
N B(rn—r+1) Z/=0 ( - 1)] ( ] ) J (35)
I= folﬁ A+ A=220) . [(1+ )t — At2]H71 | substitute for G(x; o) in J to obtain the k™ order moment of

Transmuted Half-Normal.

J= 1) fé = (1+A—210) . [(1+ Nt — A1 . Put for J in equation(35).
er e
a2,

1 n—r . /Mm—-r 1 1 i
= I (U () )fom.(ux—m) [+ Ve —22]H 36)

J can be evaluated using numerical integration.

3.3 Maximum Likelihood Method for THND
We consider the estimation of parameters of Transmuted family from samples by maximum likelihood. Let

X1 ,Xp,. . . X, be observed values from this family with parameterf = A, o.
n 2
Aoy = Z T yn - £5
Lok o) = e Mt 5 [1+ 2 22erf ()] (37)
1 1
InLfrunp (A 0) =n (E 2 =~ Inm — lna)+ > in [1 +A— 2\erf (Uiﬁ)] (38)
olnLfranp(6Ao) _ n 1=2erf (FE) (39)
2 =0\ 142-22erf (ﬁi)
ZA\/Z(JZ—xz)ez%jz
dlnLf (xro) n oAV
e R A e e (40)

1+A—22erf (aiﬁ)

To obtain the information matrix, we follow this procedure and we obtain uy, , w, and u,, , we can form
information matrix called J (6) and the likelihood of the two distributions can be used to test for the goodness of
fit to determine if transmuted distribution is superior to the baseline distribution based on the available data.
These equations can be solved numerically using Newton-raphson algorithm and the information matrix J (0) is
given by (36).
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4.1 Fitting Transmuted HalfNormal to GLO-DATA Plan Data

PDF of THND,s=1,A=1 Cumulative Distribution (THND),s=1,A=1
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Fig 1: the Plot of THND at different value of parameter (A, 0)
From fig 1 above, we can deduce that the distribution is heavily tailed
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PDF of THND, s = 3.187, A=0.09 Cumulative Distribution (THND), s = 3.187, A= 0.0
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Fig 2: the Plot of THND at different value of parameter (A, 0)

From fig 2 above, we can deduce that the distribution is heavily tailed and highly skewed at different
parameter of the model, the transmuted parameter A give the transmuted HalfNormal this flexibility and hence
making it accurate when it come to modeling data whose distribution is
heavily tailed and highly skewed
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4. Analysis and Results.
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Fig 3: the plot showing the distribution of the data generated from the Glo Data Plan

From the fig 3, we can deduce that the data is not normally distributed as it is heavily tailed, the THND can
therefore be fitted to the data. Since this data shows the impression of the THND, then we can fit the hybrid

model to the data.

ECDF and HALFNORMAL CDF(Consumers’ Behavior Data)
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Fig 4: CDF and ECDF of HAIfNormal Distribution when fitted to Buying Behavior Data

From the fig 4 above, we can say that the HalfNormal Distribution does not fit the data reasonably well.

Fitting THND to the available Data
Table 1: Parameter Estimate

Model THND|[Transmuted HalfNormal] HND[HalfNormal]
Parameter EStimate Std.Error EStimate | Std.Error
o 7.178e-08 9.406e-17 33.317 3.425
A 3.614e-01 4.007e-11 - -
Comparison Criterion AIC =-1.857456e+20 AIC =264.3871
LogLikelihood 9.287281e-19 131.1936
B ( 9.215123e + 31 —3.228008e + 26)
—3.228008e + 26 —5.078385e + 20
w =5.006941e+19

5. Conclusion

The plot of the hybrid distribution that is the Transmuted HalfNormal distribution (THND) shows that the
additional parameter (transmuted parameter) control the tail of the model by making it heavily tailed, from the
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monthly Glo data plan, since p value (0.5383) > a (0.05), then there is great statistical evidence that the data
tested are not from a normally distributed population (the data are not normal). Then the THND can be fitted to
the data because the distribution shows heavy tail due to addition of the transmuted parameter (4). Therefore
THND can be used to capture non-normal data. The wald test carried out indicate that since the
w(5.006941e+19) > x,2(0.103), then we say that THND captures the data reasonably well as compared to
parent distribution because of the additional parameter that controls the flexibility of the distribution. The
likelihood ratio test shows that T (262.3872) > y? 09,31) (20.599), indicating that the transmuted Halfnormal

Distribution (THND) fits the data reasonably well and is better than HND, this was established even when
comparing the fitted Glo monthly data plan using the Akaike’ information criterion. By obtaining the
transmuted version of probability distributions, we get the corresponding hybrid distribution with increased
number of parameters which gives the newly compounded distribution more flexibility, consistency and stability.
After careful application of the newly compounded distribution to customer buying behavior of Monthy data
consumption of the Glo subscribers, we therefore conclude that the additional parameter (Transmuted Parameter)
gives THND more flexibility over HND in modeling highly skewed and heavily tailed data.
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