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Abstract

In this paper, the solution of some (robust) control problem of non-linear semi-explicit descriptor uncertain
systems without matching condition by defining an optimal control approach is considered. This approach has
been developed in the sense that, the solution of an equivalent optimal control problem is the solution to the
given descriptor one without matching condition. A relation between the robust control problem and its

equivalent optimal control problem has been discussed with theoretical justifications and illustration.
1 Introduction

A descriptor control system can be represented by differential and algebraic equations which is a generalized
representation of the state-space system. The application of these systems can be found in electrical circuits,
robots,... (Kunkel & Mehrmann 2001). These systems are also referred to as singular systems, implicit systems,
generalized state-space systems, semi-state systems, or differential-algebraic systems (Debeljkovic & Buzurovic
2011).

The solvability of linear descriptor systems may be found in (Brenan et al. 1996), (Campbell 1980) and (Dai
1989), and while, nonlinear descriptor systems is discussed by (Kunkel & Mehrmann 1994, 1995, 2001 and
2004). Furthermore, Stability of linear and non-linear descriptor systems are studied by (Danielle et al 2002),
(Debeljkovic & Buzurovic 2011), (Michael 2011), (Shravan 2012), (Tadeusz 2012), and (Xiaoming & Zhi
2013).

The descriptor control uncertain system have been interested and introduced to preserve various system
properties under some perturbation in the model.

The insensitiveness of the system properties is called robustness and it is an important field of investigation. The
fact is that in many practical situations the parameters of system components are not known exactly. Usually,
there is only some information on the intervals to which they belong. Therefore, the robustness for any system
property is an important theoretical and practical question.

Recently, much attention has been given to the design of controllers, so that system properties are preserved
under various classes of uncertainties appearing in the system. Such controllers are called robust controllers,
and the resulting system is said to be robust control system.

If the uncertainties lying in the range of the input matrix (operator), they are called matched condition

uncertainties. For state- space system and some class of control problem, matched condition have been discussed

38



Control Theory and Informatics www.iiste.org
ISSN 2224-5774 (Paper) ISSN 2225-0492 (Online) l'—,i,!
Vol.6, No.3, 2016 “s E

by (FING LIN 2000). If this condition is not satisfied, a decomposition approach may be used (FENG et al 1992)
and (Radhi et al 2008).

Due to the difficulty in solving general robust descriptor systems see (SUN & WANG 2012), in this paper,
robust control problem is translated into a specific (equivalent) optimal control problem. The solution of optimal
control problem is then a solution to the robust control problem based on the nominal system structure and the

types of uncertainties.

Descriptor systems, like other systems may contain many types of uncertainties. These uncertainties can be
classified as with or without matching condition. In this paper, robust control without matching condition has
been considered.

A novel method for design and analysis of some class of non-linear uncertain descriptor system with matching
condition by using an optimal control approach have been developed and presented in (Radhi & Sabeeh 2016).

The following is needed later on.
2 Pseudo-inverse operator

Recalling that, not every matrix has inverse. If 4 is singular or not square, then there exists an inverse called

pseudo —inverse for A. For more such inverses see (Dai 1989), (Nikuie at el 2010).

Pseudo-inverse of a matrix is one of those inverses who have called generalized inverses. All these inverses will

reduce to the well-known inverse when the matrix is nonsingular.
Definition (Ayman 2012)
If A € R™™, then there exists a unique AT € R™™ (hat satisfies the three Penrose conditions:
1. AATA=A
2. ATAAT = Af
3. AtA=(ATA)T
At is called pseudo —inverse for A.

The singular values decomposition may be used to find pseudo —inverse. Recording that for any n X m matrix A

has a rank n,, then the singular values decomposition of Ais A = UDVT, where U and V aren X n and m X m

. D 0\ . . . . .
orthogonal matrices and D = |~ 0 is n X m matrix, here D,,_ is an ny X n, diagonal matrix with

0 0 0

D,, = diag (04,03, ...,0,,), Where 0; = 0, =+ = 0, =20 and ng is the rank of A. The numbers o; is
singular value of 4, Vi = 1,2,...,ny; thus AT = VDTU”, where DT = D! and 0 otherewise. That is
D} = diag(oy*, 057, ..., 00,
3 Problem formulation

Consider the non-linear semi-explicit descriptor system without matching condition

Ex = Ax + Bu + Cf(x) (1)
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Where E,A € RV", rank(E) =ny, 0 <ny<n x ER", u € R" and B € R™*" are the system coefficients
and f € C*(R™; R") represent the uncertainty of the system, satisfying some conditions that will be defined later
on to ensure the solvability of the system (1). System (1) is equivalent to
X, = Ayxy + Ayxy + Biu+ Cf (xq, x3) (2a)
0 =Azx; + Ayxy + Bou + Cof (xq,x3) (2b)
Where x; € R™, x, € R*™™ and A, € R"*™, 4, € R™ox(=mo),
A; € RT0)XM0 4 e R(m0)X(=M0) apd B, € R™XT | B, € RWMXT ¢, € R™MXT (¢, € R(TM)XT | which
comes by the following

Since rank(E) = ny, then it follows that there always exist unitary matrices U € R™™ and V € R™" such that
—ugl®E Oyr
E=U [0 0] % 3)
Where X = diag(oy,05,...,0p,) and 61 = 0, = ..,= 0, > 0.
From (3), one can define
P2y, Q2yt
_ -1 T 0\y,r]ly, (2 O

QEP = U [U(0 O)V]V_(O 0) @)

On using (1) and (4) as well as rank(E) = n,, one gets

QE%* = QAx + QBu + QBf(x) = QEPP 1% = QAPP 'x + QBu + QCf (x)

From

P lx = (Z) S x= IP’(Z), x; € R™, x, € R0 3)
then

QEP (2) = QAP (2) + QBu + QCf (11» (2)) )

(A Az) _(§1> _(51) . .
where QAP = (A3 a,)° QB= B, and , QC= c, which gives

561 = Alxl + Azxz + Blu + le(.xl, xz)
0= A3x1 + A4x2 + Bzu + sz(xl, xz)
Whel‘e Al = 2_114_1 ) Az = 2_114_2 'Bl = Z_lgl and Cl = 2_161 .

In this paper, for simplicity, it is assumed that the matrix Q satisfies QB = (%1) ,and QC = (%1> then the

system (2) is equivalent to
561 = Alxl + Azxz + Blu + le(.xl, xz) (7a)
0 = A3x1 + A4x2 (7b)
To study the solvability of the differential algebraic equations (7) which is equivalent to the descriptor system (1)
X
by the invertible transformation x = P ( x;)’ the following assumption have been presented (FING LIN 2000).

Assumption A

3. Assume there exist an open set {1, € D such that for all £, € (1, it is possible to solve A3%;(t) +

Au%,(t) = 0 for X,. One can define the corresponding solution manifold as:
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rat a n-n xl (t);
Q=1x; € Q,,x, € R | 2, () € N([Az A4]),t=0; where X(-) denotes the kernel (null
2

space) of the operator (-).

Let us denote the set of the consistent initial values of (7) by wy,

wie 2 {xo = (1,0, %20) %o € R([A3 A4]) } (8)
4. Rank[A; A,] = RankA, © w, = X[A; A,] 9)
Lemma 1
Consider the system
X, = Ayxy + Ayxy + Biu+ Cf (xq, x3) (10a)
0 = Azx; + Ayx, (10b)
(x1(0),%2(0)) = (x1,0,X20) € Wi (10¢c)

Where x; € R™, x, € R"™ and A; € R™*", 4, € R™0*"~"o),
Az € Rm0Xm0 - 4, € Rm0)X(=0) apd B, C; € R™*", f € C*(R™; R"),
£(0,0) = 0, such that Assumption A is satisfied.
If A, is of rank deficient matrix, i.e., A, < n —ngy, then there exists a matrix L of dimension (n — ny) X n,
such that the system (10) will be in the reduced form, for x; € {, which is open subset of R™,

%1 = (A; + A L)x; + Byu + le(xp ¢(x1)) (11)
Where ¢(x;) £ Lxy.
Which is solvable for a given (x1 (0), x, (0)) € wy, and u € U[0,t], where

wie = {(x1(0), 22(0)) [, (0) € O, %,(0) = (%, (0)) }
and
U0, t] = {u()|u(t) is dif ferntiable on [0, t]}

And the solution to system (10) is (x; (t), x,(t)).

Proof

If A, is of rank deficient matrix in (10), then we may consider the existence of a matrix L of dimension

(n — ng) X ng such that
X, (t) = Lxy (t) (12)

X1 (ﬂ) -0

Ly () =2 () = 0 = (L= Inn,) (XZ ®

So  (x(t),x,(t)) € R(L In_pn,) and L satisfies Asx; + AyLx; = 0 or (A5 + AyL)x; = 0forallx; # 0,
x; € 0. This means that
Ay + AL =0 (13)
Such a matrix L is always exists when condition (8) is satisfied (Kunkel & Mehrmann 2001). So the solution of
(10b) have to belong to the set X(L  In_n,), so the solution manifold is
Q2{xeRYx(t) €R(L Ih-ny)} (14)
Therefore, the solution of (10b) will be found locally in { and the system is then given in the reduced form for
x;, € Q,
% = (A; + A, L)%, + Byu + By f(xq, Lxy) 15)
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From state space analysis and f € C*(R"; R"), the problem has a solution for a given u € U[0,t] and x; € (., ,
hence the original system solution is x; (t) € Q, and
x2(8) = P(x1(8)) with x,(0) = ¢ (x1(0))- u

4 Robust descriptor control problem

Consider the nonlinear semi-explicit descriptor robust control system without matching condition defined by (1)
which is (by using lemma 1) equivalent to the system
%1 = (41 + A,L)x; + Byu + Cif (x4, Lxy),
X = ¢(x1) = Lxq, (xl(o),xz (0)) € wy
The equilibrium states of the robust control system (15) can be calculated when the control function u is
identically O or is a constant vector u,. Since f(0,0) = 0, then the equilibrium state of the system is the origin
(x1,x2) = (0,0) .
Suppose that the feedback control is defined by
u(t) = —kx; () 16)

Now, the aim of the following work under a suitable assumptions is to find a suitable matrix k such that the
closed loop nonlinear dynamical system

%1 = (41 + A,L — Bik)xy + Cif (xq, Lxy) (17a)

X, = ¢(x1) = Lxy, (xl(o)'xz (0)) € Wi, X; €y (17b)
is asymptotically stable.
To find the conditions which make the nonlinear descriptor robust control system without matching condition (1)

is asymptotically stable, the following theorem has been developed.
Theorem 1

Consider the nonlinear descriptor robust control system without matching condition (1) which is locally
equivalent to the system (15), that satisfy

8. The system satisfies Assumption A.

9. The eigenvalues of A; + A,L satisfies §(4; + 4,L) = {A;|4; + A#F0, Vi# j}

10. (A; + A,L, B;) is state space controllable, where x, = Lx;.

11. £(0,0) =0.

12, If I < finax () = nllxllg, x = (x1,x7).

Where Q = (%1 0 ) and Q;and Q, are symmetric positive semi-definite matrices.
2

13. The control is defined by — u(t) = —kx; = —R™'BT Px,,
Where R is symmetric positive definite matrix and P is the symmetric positive definite matrix that
solves the following Riccati equation
(Ay + A,L)TP + P(Ay + A,L) —2PB{R™*B]{P + 2aP +2Q, =0 (18)

Amax(P)
Amin(P)

Amax (@)X + |[LIDIIC1 ]| , where [|. || is suitable norm.

Then the equilibrium point (x4, x,) = (0,0) of (15) is asymptotically stable.
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Forx; € (0, , and (x;,x,) € Q = {xl € Q,, x, ERV ™| x, = Lx; }, define Lyapunov function for system (15)
as V(@) =xIPx,, PT=P>0

since  Apmin (P)IIx111? < x{ Px; < Apax (P)llx1||? for PT =P >0 (19)
Where A, (P) and A4, (P) are the minimum and maximum eigenvalues of P respectively, from (15) and
condition (7) as well as u(t) = —R™!BT Px; with some computations, one gets

V(xy) =xT[(Ay + A,L)TP + P(A; + A,L) — 2PB,R™*BTPlx; + xTPC,f + fTCTPx,

By solving (18) for P , we have that

V(x,) = —2xTQyx;—2ax]Px; + xTPC,f + fTCTPx, ,

Deletion of the negative term —2xT Q,x; gives that
V(x)) < —2axIPx; +xITPC,f + fTCIPx,
Since
x1 PBif + fTBI Px; < 20Amax (PG, 1y [1llx1 11, (1 + IILID

< 20 2max (P) Amax (QONCi Nl 17X + NILID
And

X1 Pxy 2 Anin (P IIx [I? = =x] Pxy < =Ain (P) llx4 12

Therefore, from the two inequalities above, we have that

V(1) < =20 Anin (P21 I* + 20 Amar (P) Amax QO Gyl 12 (1 + 1ILID
From assumption 6, we get that
V(x1) < 200~ Amax (P)Amax (QOIC I + LIDIIx, 17
Putting the condition n —1 < 0 onni.e,

0<n<1
Gives that
V(1) < =22max (P) Amax (QONCICL + ILIDNxNZ = V(xy) <0

This proves that x; = 0 is asymptotically stable. i.e.,

tlim ll2e; (DIl = 0, x; € Q,

And from the continuity of the norm ||| , then we have that
lim || (01 = | lim x,(6)
t—oo t—oo

= lim; o Lx; (DI, 21 € 0y

= L Tim e x1 (D, %1 € O

=0
Therefore the equilibrium point (x, x,) = (0,0) is asymptotically stable. ]
Theorem1 above gives us a class for the uncertainties f(x) which can be defined as

Anax (P)

Ty A QDA + DI

fo={r|ircon < nixio 0 <n<1a=
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i.e., the nonlinear descriptor robust control system with matching condition (1) is stable for all f € f, and its
solution is defined by u(t) = —R™ 1B Px;.
Due to the difficulty in solving the equivalent robust control descriptor problem (15) in the presence of system
uncertainties, leads to develop a novel approach by finding an equivalent control problem ( in reduced system
form) which is equivalent to the robust one in the sense that the solution of the equivalent optimal control
problem is the solution to the robust one. The following theorems present this fact.
In robust control problem (17), one can decompose the uncertainty C; f (x) into the sum of a matched component
and unmatched component by projecting C; f (x) onto the range of B, thus
C.f (x) = BiB{ Cif (x) + (I = B.B])Cif (%)

So the system (17) will be

% = (A + A,L)x; + Byu+ BB € f (x) + (I — ByB)C.f (x)  (20)
Where Bf is the pseudo inverse of B;.
Consider a condition on (17) as:

1B C.f GOl < finax () @1)

Where f,,, (%) is a nonnegative function.

Now, the robust control problem (20) with the condition (21) will be translated into the following problem:
5 Optimal control equivalent problem

The robust control problem (17) can be put in the equivalent quadratic optimal control problem:
For all x; € (1, , the nominal system will be
% = (A + A,L)x; + Byu+ (I — ByB)Cyv (22a)
X, = Lxq, (xl,O'xZ,O) € wy

Where x; € R™, x, € R*™, v € R" , A; € R™*™, 4, € R"*("~m0) B € R™*" and L € RM™~"0)XM0,
Which depends on the known part of the system (17) and the aim is to find a feedback control (u(x,), v(x1))
that minimize the cost function

J = Jy (FRax @) + p2ghax(x) + B2x] Quxy + u" Ry + p?v" W)dt (22b)
Where p and S are some positive constants that serves as design parameters, fp,q,(x) is the upper bound of
f(%), Gmax(x) is the upper bound of BlJr Cif (x), Qqis positive semi definite matrix and R, W are positive

definite matrices.

Lemma 2 (necessary condition for optimality)
Consider the equivalent optimal control system (22) of the robust descriptor control system (1), and there is a

positive definite continuously differentiable function V(x;) such that

V(x;) = min ] f (frrax () + p* Ghax () + B?x{ Qux1 + u" Ry + p*>v" Wr)dt
0

u,veU|o,t
Then the necessary condition for existence of optimal control is that V' (x;) must satisfies the Hamilton-Jacobi-

Bellman (HJB) equation
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0= min [fZ.(x) + p2ghax(x) + B2x] Quxs + u"Ru + p*v" Wv
u,veU[0,t]

+ VT ((Ay + AyL)xy + Byu + (I — ByB)Cyv)]

Where V,, = v

T dxg

Proof the same as derivation in the state space proof.
Main Theorem 2 (Equivalency theorem)

Consider the robust control problem
Ex =Ax+ Bu+ Cf(x), x(0) = x, (23)

Where E,A € R™"  x € R®, u € R" and B, C € R™" are the system coefficients and f € C*(R™; R")
represent the uncertainty of the system and

1. rank(E) =ny<n

2. f(0) =0,

3. fGN < gmax (%), Gnax(0) = 0,
1B C1f GOl < fonax (). fnaz(0) = 0

And the optimal control problem

fgoo(fn%ax(x) + 0% Giax () + B2 Q1x; + u" Ry + p*v" Wo)dt (24a)

&

Subject to
5(1 = (Al + AzL)xl + Blu + (l - BlBil_)Clv (24b)
Xy = Lxl, (.xl'g, xzyo) € W, X1 € ﬁx
Where Qis positive semi-definite matrix and R and W are positive definite symmetric matrices, x =

x SA, A
P (x;) ,x, € R™, x, € R"™0 _ L is the solution of As + A,L = 0 and QEP = (g g) , QAP = <A31 A:),

QB = (Zgl) ,QC = (Egl> for some suitable nonsingular matrices Q and P.

If one can choose @ and S such that the solution to the optimal control problem (24) , denoted by (u(x;), v(x,))
, exists and the following condition is satisfy

207 Ivll3y < f2lx, 3, forallx, €0,
for some f such that | ﬁ| < |B|, then u(x;) the u-component of the solution to the optimal control problem

(24), is the solution of the robust control problem (23).
proof

From lemmal and the conditions above, we get that the robust control problem (23) is equivalent to the robust

control problem

X%, = Ayxy + Ayx, + Biu+ C f(x) (25a)
0 =A3x; + Ayx, (25b)
And this problem is reduced locally to the problem
%1 = (4; + A,L)x; + Byu + C1f (%) (26a)
X, = Lxy (26b)

Or
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%y = (A + A L)x, + Byu+ ByB €, f () + (I — ByBI)C,f (%) (27a)
X, = Lxg (27b)
For all x; € (.
Now to prove the theorem, it is enough to prove that the solution of (24) is the solution of (26). To do so, define
V() =[] rax () + p*Ghax () + B2x] Quxy + "R + p*v" W)t
For all x; € {1, and u(0) = 0,u € U[0, t], to be the minimum cost of bringing the system (24b) from
x1(tg) = x40 t0 x; = 0.
From lemma 2 , V (x;) must satisfies H-J-B

0= _min [fnzmx(x) + ng‘rznax(x) + ﬁzxfolxl + .uTR.u + PZUTWV
u,veU|o,t]

+ VT ((Ay + AyL)xy + Byu + (I — ByB)Cyv)]
Now if (u,v) = (u(x,),v(x;) is the solution of the optimal control problem (24), then

frax(®) + P? Ghax () + B?x{ Qi + "Ry + p*v" Wv + Vle((Al + A;L)x, + Bju + (1 - BIBI)Clv) =0

(28a)

2u"R+VIB; =0 (28b)

2p20™W + VI (I - B,BY)C, = 0 (28¢)
x, = Lx; (284d)

Now, we will show that the u-component of the solution to the optimal control problem (25) is the solution to
the robust control problem (23), ie., x; = 0 of (26) is globally asymptotically stable for all admissible
uncertainty f(x).
To do so, we show that V(x,) is a Lyapunov function of the system (26).
1. Since u(0) = 0, fr10x(0) = 0, gpmax(0) = 0, then V(0) = 0.
2. And f2,,(x)>0,9%.0) >0, xFQx; >0, u"TRu>0,v"Wv >0
vV x = (x,Lx;) #(0,0), then V(x;) >0, Vx; #0.
V(x1) = V;cT1x1
= VI [(4; + AyL)x, + Byu + BB C, f + (I — ByB)C, f |
= VI [(4; + AL)x;, + Byu + (I = ByBY)Cyv + (I — ByBY)C,(f — v) + ByBI G, f |
= VI [(Ay + AyL)xy + Byu + (I — BB )Cyv] + VI (1 = ByBY )¢, (f — v) + VI B, Bl ¢, f
Substitution (28a) , (28b) and (28c¢), yields
V(1) = = firax () = p* G (00) = 5] Quty — Ry = p*v W — 2u"RBIC, f = 2p*v W (f —v)
= —f 20 (X) = p2gPax (¥) — B2xT Quxy — uTRp — p*v"Wv — 2u"RBIC, f — 2p*v"WF + 2p*v" W
= —fZax(0) = P? Grax (¥) = B3 Quvy — TR+ p?v" W — 24T RBC.f = 20%0" WS + (B C.f) RB{Cof
- (BICJ)TRBICJ
= —~fZax(0) = P2 Ghrax () = B3 Quvy + (BIC,f) RBICLf + p20T W — 20207 WS
~ (u+B{C,f) R(u+ Blc,f)

= ~f2ax(0) = P20 (0) = Bllxs 13, + |BICof||) = 202" Wf = |[u + BIC,f|[, + p2Iv Il
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Since p?llv = flIiy = p*IvIl — 2p*v"WF + lIfII7)
> =2p2vTWf

Therefore, —2p?vTWFf < p?|lv — flIZ < p?llvllE + p2IfII3
. 2
V06 = ~FRax(0) = P2 GRax (@) — B2lxlls, + |BEC AL + o210l

2
+p2If Il = [lu + BY Cif ||, + p2IIvllEy

2 2

= ~ax () — P2 Rax () — B2Ixi I3, + [IBICF | + p2wllEy + p2f 1 — [l + BEC AL, + p2IIvllE,

2 2
= — (F2ax () = |BICAII}) = 02 (Gaar ) = IF W) = B21Nxs N3, + +202 N0l — lu + BfCuf ||
< —B2llxllg, + 202l + B2lxallg, — B2 1lx4ll3,
< 2p%Ivlify — B2 Nlxallg, — (B% = B2)lIx.IIf,
But 2p?||v||3, < ﬁzllxlllél = 2p?||v|lE — ﬁzllxlllél <o0and || <IBl = B2 — % = 0. Therefore V(x;) < 0
Thus, the condition of Lyapunov stability is satisfied .
Consequently, there exists a neighborhood Ng = {x; € (0 ; lx11lo, < C} for some C > 0. Such that if x; (¢)

enters N¢ then lim,_,, ||x; (t)[lg, = 0.

But x; (t) cannot remains forever outside N, otherwise [|x; (t)|lo, > C forall t > 0, therefore

V(i () = V(x:(0)) = [ Vs (s))ds

< — [ lxi ()13, ds
t

< -—J, C%ds

=—C?t

V(x,(8)) < V(x(0)) - C%t
Letting — oo , we have V (x; (t)) = —oo which contradicts the fact that V (x; (t)) > 0 for all x; € {1, . Therefore

limy_o |26, () [l g, = 0. But x,(¢) = Lx; (t) such that x(t) = (x;(t), x,(t)) € {L.

Then
lim 1, 1) = | lim (0
= im0 L, (O], %1 € Qy
= ||Llimy_, o x; (O], %, € Oy
=0
So limg e, [lx (O = [[limg_ e (1 (£), 22 ()l
= (10,0l
=0. For all x(t) € O [

6 Illustration

Consider the robust descriptor system
Ex = Ax + Bu+ Cf(x)

Where xT = (xq, x5, x3,x,) and
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0 3 00 0 3 3 3 0
_[1 0 0 O _| -1 1 1 1 _(1
E=toooo/ 4% 0o -1 1 o)B=|o)
0 0 0 O -1 2 0 1 0
0.6
c=(9 f(x)=5pxcos( 1 )+5px sin(pyx1x3), X; = —p
o | 1 %1 — 3%2 4X1X2), X2 25

0
p; €[-0.2,0.2], p, €[-10,100], p; €[0,0.2], p, € [-100,0].

Since E = 2 = ny , then E is singular matrix.

01 0 0
Using the transformation matrices P = (1) 8 (1) g and Q = I, and putting
0 00 1

- Y; Y1 Y3
1, — (1 — —
P~ x = (Yz)' Y, = (y:) , Vo= (y4), the system above can be transformed to

1
Y1tp2

Yl =AY, + AY, + Biu+ G (5p13’2 cos ( ) + 5p3y1 5in(?’43’23’1))
0 = A3Y1 + A4Y2

whee = (3 ) =1 )a=(T A= D)
B=() &= (%)

1 0y
Clearly Il <¥2+5F = 003" (5 1) () = W = Ghax 0)-

BY = (BTB)'B] = [(0 1) (2)]_1 o D=0 1.
Bicf = (0 1)(0(')2)f=0.f=0.
IBYCFl, = 0= Frax) -
-me=(p P-(Qo = 3).
)
Here, the consistency space is {1 = {¥; € 0, = R%,Y, € R?| A,Y, + 4,Y, =0}

Since A, = I is invertible, then

{Yl € ﬁy = RZ, Y2 = _A21A3Y1 }.

0= {(Y1‘y2)T €0, =R% (5, y)" = ( —; (1)> G’/;)}

Q= {(3’1'3’2)T € ﬁy =R%y; =y1,ys = =2y, + 3’2}

Therefore, the initial condition (¥4 9, ¥2,0, V3,0, Ya,0) is consistent iff

[=)l
I

Y30 = Y10 and Yu o = —2Y;1 9 + ¥, 0 for a given (Y1,o:3’2,o)-

Let = = 1. Then the corresponding optimal control problem is as follow, for the nominal system

Yy = (A; — A A5)Y; + (1))u +( 0(')2) v

le(g (1))Y1+((1))u+(062)v

Find a feedback control law (u, v) that minimize the cost function
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Jy (Ghax ) + VIV, + pTp + vTv)dt = [QYTY, + pTp + vTv)dt
It is easy to show that the solution of this optimal control problem is

u=-12906y, —2.1247y, , v = —0.5783y, — 0.2581y,

Or u=-12906x, —2.1247x, , v = —0.5783x, — 0.2581x,

Since the condition 2p?||v||3, < 2

|, |13, is satisfied , then

u=-12906y, —2.1247y,, = u = —1.2906x, — 2.1247x, is the optimal control.

By theorem 2, this is a solution to the original robust control system.

The solutions of the optimal control problem and robust control of the equivalent system are shown in the

following figures:

Figure (1) Optimal solution represents (Y1, Y2, Y3, Va) With (yl_o,yz_o,y3_0,y4_0) = (1,2,1,0) € wy,

It is very important to notice that in contracts to the state-space (o.d.e) systems, when the eigenvalues of the
nominal system have negative real part then the system is stable for all initial condition. While in descriptor
systems the initial condition divided into two parts, the first one concerns the dynamic (o.d.e) and the second part
is the algebraic equation which is called the consistent initial conditions. And these initial conditions effect the
system stability even when the spectrum of the dynamic system lie in the left half of C as one can see the figure
(2), the dynamic state space and the non dynamic state space vector are far from the equilibrium point (0,0)

when choosing the initial condition out of the consistency region.
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Time t

y3,01 y4-,0) = (112;2:1) € Wi

Figure (2) Optimal solution represents (Y1, Y2, Y3, Va) With (yl_o,yz_g,

Time t

X2,0, X300 Xa0) = (1,2,1,0)

Figure (3) The nominal system represents (X1, X5, X3, X,) With (xl_o,
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Time t
Figure (4) The optimal controls u(t) and v(t)

S]OAJUOD [UTIAD) (1)K 21§

Time t

1,0) € wy,

Figure (5) Robust solution represents (y1, V4, Y3, Va) With (}’1,0, Y2.00 V3.0 y4,0) = (1,2,

pl = _0.2, pz = _10, p3 = 0, p4_ = _100
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0’ y4-,0) = (112;2:1) e Wk,
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-0.2, p, = —10, p; =0, p, = —100
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Figure (6) Robust solution represents (y1,V,, Y3, Va) With (}’1,0, Y200

(I am3S

(1)x 21§

x4,0) = (2,1,1,0),

X2,00 X3,0

0

)

-0.2, p, = —10, p; =0, p, = —100
52

Time t

Figure (7) Robust solution represents (x1, X5, X3, X,) with (x1
P1
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Robust control u(t)

Time t

Figure (8) The robust control with

(3’1,0'3’2,0'3’3,0'3’4,0) =(1,2,1,0) € wy,
pl = _0.2, pz = _10, p3 = 1, p4_ = _100

7 Conclusions

From this work, we can conclude the following points:

3. The solvability and Stabilizability of the robust control problem of some non-linear semi-explicit
descriptor uncertain systems without matching condition is discussed via an optimal control approach in
the sense that, the solution of an equivalent optimal control problem to the uncertain nonlinear
descriptor system, is the solution to the given descriptor one with matching condition.

4. This novel approach is very applicable for a large class of systems and make the original problems
tractable and easy for point of applications.
8 future work

The solution of the robust control problem of some non-linear semi-explicit descriptor uncertain systems without

matching condition and non-linear algebraic equation have been considered for publication:
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