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INTRODUCTION

Banach fixed point theorem and its applications are well known. Many authors have extended this theorem,
introducing more general contractive conditions which imply the existence of a fixed point. Almost all of
conditions imply the asymptotic regularity of the mappings under consideration. So the investigation of the
asymptotically regular maps plays an important role in fixed point theory. Sharma and Yuel [8] and Guay and
Singh [6] were among the first who used the concept of asymptotic regularity to prove fixed point theorems for
wider class of mappings than a class of mappings introduced and studied by Ciric [4].

The purpose of this short paper is to study a wide class of asymptotically regular mappings which possess
fixed points in Hilbert spaces. In present paper we extend the results of Gopal and Ranadive [5] in Hilbert space.

2. PRELIMINARIES

Definition 2.1: A self-mapping T on a metric space (X ,d ) is said to be asymptotically regular at a point x in X,

if d(T"x,T"Tx) — Qasn— oo
Where T ™ X denotes the nth iterate of T at x.

Definition 2.2: Let C be a closed subset of a Hilbert space H. A sequence {Xn} in C is said to be
asymptotically T —regular if ||x,, — Tx, || = Oasn — oo

Definition 2.3: A self- mapping T on a closed subset C of a Hilbert space H is said to be asymptotically regular
ata point x in C if

IT"x —T"*1x|| = 0Asn— o0

Where T ™ X denotes the nth iterate of T at x.
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The result of Dhananjay Gopal and A.S. Ranadive [5] is given below

Theorem 2.4. Let (X ,d ) be a complete metric space and T a self- map satisfying the inequality :

d (o, Ty ) +d (. Ta) }
2

d(TX,Ty) =< & max {d (x,v),d(x,Tx),d(y, Ty),

for all x, y in X, where & & (0,1). If there exist an asymptotically T — regular sequence in X, then T has a
unique fixed point.

Theorem (2.5) (Banach’s contraction principle) Let (X, d) be a complete metric space, c€(0,1) and f: X—X be a

mapping such that for each x, y €X,
d(fx, fy) < cd (x, y) Then f has a unique fixed point a €X, such that for each

xe X, lim,,_., f"(x) = a.

After the classical result, Kannan [7] gave a subsequently new contractive mapping to prove the fixed point
theorem. Since then a number of mathematicians have been worked on fixed point theory dealing with mappings
satisfying various type of contractive conditions.

In 2002, A. Branciari [2] analysed the existence of fixed point for mapping f defined on a complete metric
space (X,d) satisfying a general contractive condition of integral type.

Theorem (2.6) (Branciari) Let (X, d) be a complete metric space ,.c € (0,1) and let f: X— X be a mapping
such that for each x, y €X,

d (fxf d
fo (fxfy) O(t)dt <. fo () O(t)dt where @:[0,+ ©0) —[0,+ ©0) is a Lebesgue integrable

mapping which is summable on each compact subset of [0,+ 00] , hon-negative ,and such that for each

£
>0, _,ro B(t)dt  thenfhasa unique fixed point a €X, such that for each x € X,

lim, . f*(x) = a.

After the paper of Branciari, a lot of research works have been carried out on generalizing contractive condition
of integral type for different contractive mappings satisfying various known properties. A fine work has been
done by Rhoades [2] extending the result of Branciari by replacing the condition [1.2] by the following

d i fyi+diy.fx
d (fx.f dlxy).dix, Ld Ly, —
J- ( fi.fy) O(6)dt < fomax{ (). dCe. fx).d(y.fv) . )}E’(ﬂdt

0

3. Main Results

Theorem 3.1. Let C be a closed subset of a Hilbert space H and T be a self -mapping of C, satisfying

<—Tyll2 max{llx—yll? Jlx—Txll 2. lly—Tyll? E-TYIE Hly—Txi*
[ e <o f {ix-y y-Ty S
ITe—yllllx-Twll llse— Ty ll =l
B |, O(t)dt+y [ O(t)dt

8 [ 0)ar
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Forallx,y € C, where @, [3,¥, &, 1 are non-negative realswith0 < 8¢ +4 f +4y+ 446

< 1.Als0 I[,E:i:[0,+ O'O] —+[0,+ OO] is a Lebesgue integrable mapping which is summable on each compact

=
subset of [0,+ OO:J , non- negative ,and such that for each £ = 0, fo ﬂ(f)df, If there exist an

asymptotically T — regular sequence in X , then T has a unique fixed point.

Proof: Let {xﬂ} be an asymptotically T — regular sequence in closed subset C
of Hilbert Space H then

[ By parallelogram law ||x + _}f"2 =2 ||IJ|C||2 + 2"_}1"2]

Now,

J_an —xe |12 B(t)dt < Jr||xn —TaxylI? O(t)dt +2fJ|Txn—xm||z O(t)de
<2 [ g dea [T g(oar

o [ oot

0

ﬂ;zfu"”‘“‘”“"z O(0)dt

2 —Txmll 2 +Hlam—Txpll 2
I2, ||xm—Txm||2,” 1 mll 2+ —Tagll

* }Eﬁ(_t)dt

max["xn —xmll® Nxn—Txnl

+4£If

. J-'::|Txm—xm"z ﬁ(tjdt +46f0"xn_xm“z m(t)dt

<2 [ g0)de wa

e o

Jy ? }m(_r)dt

oy —Taeg N +loegy — 20, D1, —Toege M+, xmllj

+4 B j O(t)dt
+4},f;"xm—Txmll+||xn—xm||]||xn—xm||m(t]dt " fﬂ!lif"xm—xmll O(t)dt

vas [ p(yde
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Taking limit as n — ©2 | then asymptotically T — regularity of {Xﬂ}gives

f”""_x”’*" O()dt <(sa+4 f +4y+45) f,:,"xn_xm" @(t)dt

0

f”-"fn_xmll B(t)dt=0as sa+4 fHay+46 <1 s (3.1.1)

0

Hence {xﬂ} is a Cauchy sequence, since C is a closed subset of H so every sequence converges in it , put

lim X

n=Z2

m-— oo
Existence of Fixed Point: We claim that z is a fixed pointof T inC.

Consider

J'"TZ—ZHZ Eﬁ(tjdt EZIHTZ_TX“"Z m(tjdt +4J.||Txn—xn"2 m(t}dt

0 0 0
wa [ B(0)ar

[By parallelogram law |[x + y[|* < 2 [[x||* + 2[|y]*]

E llz—Tanli®+llxn—Tzl2

¢ }Eﬁ(t)dt

I7z—2ll2 max{liz-xnlI? lz-T2l1? llxn Tl

Jy d(dt <2a |

2 ﬁf"Tz_xn""z_Txn"ﬂ(f]df+2}’f"z_Txn”"z_xn”ﬂ(t]dt

0 0

oy fc:|xn—z||2 8(t)dt +4j"Txn_xn"Z 6(t)dt +4J-||xn—z||z 6(O)dt

0 0

J-Ili'"z—zllz O(O)dt <

]
max{llz—xn 1% lz=Tzll 2. lan—Txn 12 z||Z—~an||z+Zl|~=fn—T~’f:ft||2+2||~’f:ft--’f||2+2|13—T2-'||z}
Zo:fu * O(t)dt
2B f;”z—xn||+||z—i'"z||](||z—xn||+||xn—Txn||]m(t)dt

J-(Ilz—xn -+l =Ty [0l z— 2,
0

G(t)dt +2 6 fU"x“_z"Z G(t)dt

e [ gde a7 B0

0

Taking limitas n —* ©0 | then asymptotically T — regularity of {I,ﬂ } gives
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jc:h?"z—z" G()dt =0 (asBa +4F +4y+46<1)
Tz=1z

Hence z is a fixed point of T.

Uniqueness: To show the uniqueness let z and Z; be two distinct fixed points of T then

J-llz—zill2 O(t)dt - J-lli'"rs'—i'"zlllz

0 1]

O(t)dt

Nz—Tz4ll2+llz4—Tzl
max{llz—zillz,||z—Tz||2J||z—T31||zJ 1 L

i:(xfu : }'E’(E]dt

ITz—z, lllz—Tz, I lz—Tz, lllz—=z4]l

Bl o(D)dt+y |, ode +6 7" d(v)at

lz—=z, lI%

f"z_zluz O()dt <@+B+y+8)/

0 1]

O(t)dt

J-"z—zi" B(t)de=0 (as Ba +4F +4y+46 <1)

Z= Zl
This completes the proof.

Theorem 3.2. Let C be a closed subset of a Hilbert space H and T be a self -mapping of C, satisfying

<—Tyll? max|llx—yll? Jlx—Txll 2 lly—Tyll? BT Hly—Txi?
[ G < [ 7Ty R P
||Tx—y||||x—T}r|| ||x—T}r||||x—}r||
+B O()de+y |, B(t)dt

+5f||Tx—Ty||zm&)dt

0

Forallx,y € C,where @, [3, V¥, 8,1 arenon-negative realswith0 << 8 +4 f +4y+446

< 1. Also I[,E'fl':[0,+ 00] —[0,+ 00] is a Lebesgue integrable mapping which is summable on each compact

£
subset of [0,+ 00) , non- negative ,and such that for each £ = 0, fo ﬂ(f]df, If Tis anasymptotically

regular at some point x of C, then there exists a unique fixed point of T .
Proof: Let T be an asymptotically regular at X5 & C . Consider the sequence

{T™xg}thenforallm,n =1
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7™M g —TM, |12

TTM 1y _prh—1, ||
. d0de = [T Tl G e
=
M1 et 124 lrf—10. _ 2
e I o L L e

2

}Ei[r)dr

li]
M, _ph—1 pM=1, _n
. }E J‘Jl Xg xul”l Xo xu" m[t)dt

|| Tm_ixu_rnxu"" Tm_ixu_rn_lxu"

+},f Ef'[t]dh Y fJ'Tm—lxu—Tn—lxu" E}{:tjdt

0

<
2l Tm_ixu_rmxu"z"'4 ™ acq —T Mg 12+ [ T o —T™ 2 | 24" T L —T M, | zJ|| Tn_ixu_rnxu"z
max 2 || T Lo g =g || “4 2 [T Mg —T Mg |42 | T o= T Mg | “ 4| 70 ~T Mg |2

I : o(t)dt

B f{llrmxu —TMacg ll+[| 7™ 200 =T a0 | ) (7™ 2 200 — 7™ |+l 77
+
o

—TMa, 1) G(t)dt

+Y
J-{|| T T Mo ||+ 1T g =T ) (|| 7™ L g —T ™ ||+ T g =T g I+ ]| T =TT
0

ol 5y

Jr-n_l-?‘:l:l|| Ej [I]dt

2| Tt ey T || % T sy — T |12 ]| T —
+0 fo
[ By parallelogram law ||:JL’ + _}f"E =2 ||:J[f||E + 2"_}1"2]

Since T is an asymptotically regular

Jr|| TM ey~ |2

7™ sy —T %, I2
. O(t)dt <4a |

1]

O(t)dt

7™ x y —T T4 12 7™ xy —T T 12

+B J a(t)dt+y [, O(t)dt

7™ a0y —T ™z, I

+45j0 O(t)dt
(1—4a—B—y—45) [ =T gwar <o

I ol G Yt =0 (s Ba +48 +4y+46 <1)
¥

0
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Hence {T™X,} isa Cauchy sequence then
lim, ., T"x,=z

Existence of Fixed Point: We claim that z is a fixed pointof T in C.

Consider
J'D"TZ—Z" m(t)dt "{_:ZIDHTZ_T .‘X-'g" E}(t]dt +2fﬂ"T ID_Z" m(t)dt

[By parallelogram law ||x + }1"2 <2|lx||* + 2"}’"2]

J-ll Tz—zIl|?

0

O(H)dt =2a

N T e
ma{ =771 Mz Tel2 77 g7 | LTzl AT e )

I, G(t)dt

+2MD||TZ_T “xg|[llz-T xunﬂmdmﬂuz_r xollllz—7" x“”ﬁ(t]dt

1]

|z—T7

| Lxl*
+20 _,rﬂ O(t)dt
since {T™ 1, }isasubsequence of {T™x,}then {T™ 1x,}—z asn— oo

Taking limitas n —* 0 | we get

l7z—=lI2

(1-2a) [ @(t)dt <o
IJ'TE—Z"Zg(t)dfzo (s8a+4f +4y+456<1)
Tz=z

Hence z is a fixed point of T.

Uniqueness: To show the uniqueness let z and Z; be two distinct fixed points of T then

jc."z_21"z ﬂ(fjdf _ f||Tz—Tzl||z ﬂ(f]df

1]

—Z —T Z_I_ —-T =
max{"z 1"2,”2 rzll2 llz—T 1"2Jllz 24112 4llz, —Tzll

. : }Eﬁ(_tjdt
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ITz—z, llllz—Tz, |l

B o)de sy [ g0 4y

1]

8 [ peae

fuz—zl P omdt <@+ B+ y+6) fU"z_zl " 6)ar

0

J‘"Z_zj_" ﬂ(t]dtzo (aS 8(I+4ﬁ +4‘}-’+46‘:: 1)

0
Z:ZI

This completes the proof.

References

[1] Abha Tenguria ,Prabha Chouhan ““ Unique Fixed Point Theorem For
Asymptotically Regular Maps In Hilbert Space “Asian Journal of Current
Engineering and Maths (2013) pp.250-254.

[2] A. Branciari, A fixed point theorem for mappings satisfying a general
contractive condition of integral type, Int.J.Math.Math.Sci, 29(2002), no.9,
531 - 536

[3] B.E Rhoades, Two fixed point theorems for mappings satisfying a
general contractive condition of integral Type, International Journal
of Mathematics and Mathematical Sciences, 63, (2003), 4007 - 4013.
[4] Ciric Lj.B, Generalized Contractions and fixed point theorems Publ.

Inst. Math (Beograd) 12(26) (1971), 19-26.

[5] Gopal D., Ranadive A.S. , Some Fixed point Theorems (I1),Varahmihir
Jour.Of Math. Sc. , Vol.3 No. 2(2003), 333-336

[6] Guay M.D., Singh K.L. , Fixed point of asymptotically regular mappings
Math. Vesnik 35(1983), 101-106

[7] R. Kannan, Some results on fixed points, Bull.Calcutta Math. Soc. 60(1968)
71-76.

[8] Sharma P.L., Yuel A.K., Fixed point theorems under asymptotic
regularity at a point, math.sem. Notes 35(1982), 181-190.

40

www.iiste.org

N


http://www.iiste.org/

The I1ISTE is a pioneer in the Open-Access hosting service and academic event
management. The aim of the firm is Accelerating Global Knowledge Sharing.

More information about the firm can be found on the homepage:
http://www.iiste.org

CALL FOR JOURNAL PAPERS

There are more than 30 peer-reviewed academic journals hosted under the hosting
platform.

Prospective authors of journals can find the submission instruction on the
following page: http://www.iiste.org/journals/ All the journals articles are available
online to the readers all over the world without financial, legal, or technical barriers
other than those inseparable from gaining access to the internet itself. Paper version
of the journals is also available upon request of readers and authors.

MORE RESOURCES

Book publication information: http://www.iiste.org/book/

IISTE Knowledge Sharing Partners

EBSCO, Index Copernicus, Ulrich's Periodicals Directory, JournalTOCS, PKP Open
Archives Harvester, Bielefeld Academic Search Engine, Elektronische
Zeitschriftenbibliothek EZB, Open J-Gate, OCLC WorldCat, Universe Digtial
Library , NewJour, Google Scholar

e INDEX ({@‘ COPERNICUS

ros I NTERNATIONAL
INFORMATION SERVICES

@ vimsice soumaocs @

£z 8 Elektronische
@O0@ Zeitschriftenbibliothek

open

-

|

o » (..L()R( H()\\\L\I\H{SII\
— UniverseDigitalLibrary —



http://www.iiste.org/
http://www.iiste.org/journals/
http://www.iiste.org/book/

