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Abstract

The orthonormal annular ellipse Zernike polynomials are important for wavefront analysis of annular ellipse
aperture (elliptical aperture with an elliptical obscuration) for their property of orthgonalization over such
aperture and representing balanced aberration. In this paper, the relationship between the Zernike annular ellipse
polynomials and third order Siedel aberrations were studied. Then the standard deviations of balanced and
unbalanced primary aberrations have been calculated for this aperture.

Keywords: Zernike polynomials, annular ellipse aperture, aberration, standard deviation

1. Introduction

There are huge references describe the Zernike polynomials for circular aperture. Deferent researchers were
focused in transforming these Polynomials to be appropriate for other apertures. V.N. Mahajan and G. M. Dai
derived the Zernike polynomials for other apertures like annular circle aperture, elliptical aperture, square
aperture, rectangular aperture, hexagonal aperture [1-3].

These different groups of Zernike polynomials were used in many researches to find different properties. In 1982
Virendra N. Mahajan considered imaging systems with circular and annular pupils aberrated by primary
aberrations, and he discussed both classical and balanced (Zernike) aberrations[4].

In 1992, James C. Wyant found that the first-order wavefront properties and third-order wavefront aberration
coefficients for circular aperture can be obtained from the Zernike polynomials coefficients[5].

In this work, the third order wavefront aberration coefficients for the elliptical aperture with elliptical
obscuration (annular ellipse aperture) were found in terms of Zernike annular ellipse polynomials which have
been found in a previous paper[6]. Also the balanced and unbalanced primary aberrations with annular ellipse
aperture were considered.

2. Rotationally Symmetric Systems

The wavefront aberration function may be analyzed into several components by expanding the function as a
power series. For the relatively simple case of a rotationally symmetric system, one expansion of the wavefront
aberration is as follows [7]:

WI(r, p,cosd) = ¢Wog + 1Wial p COS ¢ +eWpo PZ +Wao p * +1W31rp3COS¢ "‘2W20"2P2 + Wyt P20052¢ +3Woyr? p
cosop +. . . D

This takes into account the distance of the image point from the optic axis(r) and expresses the pupil sphere
coordinates (x,y) in polar terms, where p is the distance from the optic axis, and angle ¢ is measured from the
vertical meridian. The coefficient W before each polynomial is subscripted with three numbers that indicate,
from left to right, the power of the r, p and cos¢ terms, respectively. The first three terms describe first order
wavefront errors (piston, tilt, and defocus respectively). The next five terms correspond to the third order Seidel
aberrations, (Spherical, comma, fied curvature, astigmatism, and distorsion respectively). Addition of fifth order
or higher terms will improve the polynomial approximation to the wavefront aberration, though the higher terms
normally account for a much smaller portion of the aberration.
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Figure.1 Coordinates for defining transverse ray aberrations [7].

If there is no field dependence in these terms, they are not true Seidel aberrations. Wavefront measurement using
an interferometer provides data at a single field point only. This causes field curvature to look like focus, and
distortion to look like tilt[8,9].

W(r, p,cosd) = oWao p * +1Warlp’cosd +Waor’p? + ;Waol? p’cos’h + ;W p coso )
3. Zernike polynomials

The Zernike polynomials were recommended for describing wave aberration functions over circular pupils with
unit radius. Individual terms, or modes, of a Zernike polynomial are mutually orthogonal over the unit circle and
are easily normalized to form an orthonormal basis. These polynomials were lost their orthogonolity for pupils
other than circular.

In a previous paper the annular Zernike polynomials for annular ellipse were found, (see fig. 1),from that of
circular Zernike polynomials [6], and table (1) represents the first nine orthogonal polynomials for annular
aperture of aspect ratio(ratio of the primary to the secondary axes)=b and obscuration ratio (the ratio of radii of
outer and inner ellipses)=k. and table 2, represents the first nine orthonormal polynomials for annular ellipse
aperture of aspect ratio=b and obscuration ratio=0.5.

-kb

Fig.2. annular ellipse aperture inside a unit circle.
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Table 1. the first nine orthogonal polynomials for annular aperture of aspect ratio=b and obscuration
ratio=k[6].

Orthogonal Zernike polynomials

Al=1 A2=x A3=y
Ad= c+2p? A5= X+ 0ipp°+as AB=2xy
A7=(3p*y)x A8=(3p%y1)y A9= 6p +5p2+8,x2+52

o= -1/2(1+b%)(K*+1) a=k*(3b*-2b%*+3)-b?(8k-3h%-2)+3
o;=[2b% (K? (-2 k? -8+3b? k?)-2+3b?)+6 k*+6]/a.

ap =[2b? (K3( K*+4)+1)-6 k*-6]/a os=[0?( K? (K*-b? k*+2 Kk?-2b° k? -2b%+2)-b?+1)]/o.
v=[(B+bA)(K*+k*+1) /(2 k*+2) y1=[(1+3bA)(K*+k*+1) /(2 k*+2)
5=[(18b%-6)k®+(17b%-12)k*-(17b*+12)k>-18b*+6]/[4(k*+k*+1)]
81=[(12b%12)k°+(-15b?+39)k*+(15b*+39)k*+12b-24]/[4(K*+k*+1)]

52=[(2b*+3)k3+(15b*+10b® +15)k®+(18b*+12h? +18)k*-(15b*+10b*+15)k*+(3b*+2b*+3] (2b%)/ [4(K*+k*+1)]

Table (2).First nine orthonormal Zernike polynomials for unit elliptical aperture obscured by elliptical
obscuration, with aspect ratio=b and obscuration ratio=k=0.5[6].

Orthonormal annula Zernike polynomials

_ _4 __4 _ 16p?-5(1+b?)
Al=1 A2=1x 3=y A4z )

= 2% 2y2 4_ 2 2 2(1_12V1/12
AS= [ /21 s 68+44b2)p? + (68b* — 88b2 + 68) X’ 35b%(1-b))/b

_|8 V2 —_[8 2.91.7h2 4 2 112
A6—[b ﬁ] Xy AT= [ ﬁ] [40p2-21-7h?] x/(229b*-326b%+361)

A8=[b8—«/§] [40p?-7-21b]y /(361b"-326b*+229)"*

1 35
Ad= —
7b2 4/ 9475(1+b8)—18340b2(1+b*)+21762b*

6b% — 1)x? + b%(231b* + 154b% + 231)]

] [1792p* — (1520b* — 560b% — 160)p? + 160(—b® + b* —

4. Standard deviation
The Variance of the classical aberration is defined by the relation[10]

=AW ? — (AW)? @3)

2 . .
Where AW and AW represent the mean and the mean square value of the aberration function and, for
annular ellipse aperture, they were given by[6]

1 b1 k byk2-x2
I j W(x,y)dydx—j jW(x, y)dydx
— —1_pa/1— —kK_p/k2—
W(x,y)= - b\/ﬁl b2 K bb kaZ_XXZZ
I J’ dydx — I jdydx
L1 _py1-x2 *k—bm (4)
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bv1-x? k byk2-x2
I W 2 (x, y)dydx— W 2 (x, y)dydx
— 2

K _p/k2_x2
1 by1-x? k byk2-x?
j J‘ dydx— dydx

_1—b\/1—X2 —K_pyk2-x2 (5)

the standard deviation o is the square root of the Variance, o, and it can be found by making benefit of the
important property of Zernike polynomials, which is orthogonality.

!

VF(X, y) = 1 py1-x2

By having a glance to eq.s (4 ) and (5), it can be concluded that the variance of the aberration is given simply by
the sum of the squares of the Zernike coefficient excluding the piston coefficient, since Zernike annular ellipse
polynomials form an orthogonal set in the limits of the unit annular ellipse aperture.

5. Present work

5.1 (Relationship Between Zernike Polynomials of Annular Ellipse Aperture and Third Order
Aberration)

First-order wavefront properties and third-order wavefront aberration coefficients (eq. 2) for annular ellipse
aperture can be obtained from the first nine Zernike annular ellipse polynomials (table.1), as follows

WO,y) = Zog+ Zix+ Z,y + Z3(2x% + 2y2 + ul) + Zy(ayx? — apy? + az) +  Zs(2xy) + Zg(3x3 +
3xy? —yx) + Z,(3x%y + 3y —y1y) + Zg(6x* + 12x%y% + 6y* + 6x% + 5y% + 5:x% + §;)
(6)

Re-arranging these terms gives

W(x,y) =Zy —uZs + asZ, + 6,74 Piston
+(Zy —vZe)x + (Z2 — v1Z7)y Tilt
(275 + @pZy + 8Z)X% + (225 + @y 74 + 67) Y2 + 2Zcxy+ 7, ay x> focus +
astigmatism
+(3Zgx + 3Z,y)(x% + y?) Coma
+6p*Zg Spherical

)
Simplifying the last equation using the following identity,

Acosa + Bsina = (A? + B?)Y/2 cos{a — tan"*(A/B)}
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where ¢ = tan_l (%) s COS(CI) = W sin(a) = xz + yZ:p2

Yy
(x2 +y2)1/2 ’

So, the tilt term is simplified to

(Zy = vZ6)x + (2 = 11Z7)y=p By = VZe)* + (Zy — 1Z7)? cos(6 — tan™* (Z277)) ()
And for the focus and astigmatism term is simplified to:

(2Z3 + ayZy + 8Zg)x% + (2Z5 + ayZy + 8Zg)y?* + 2Zsxy+a,Zy x>

=(2Z3 + ayZy + 8Z3)p?+a, Zy x* + 2Zsxy

=(2Z5 + ayZ, + 8Zg)p*+a,Z, pz(i + %COS(ZG)) + Zsp?sin(20)

=(2Z3 + (a,+a,/2)Z, + 8Zs)p2+% a,Z4 p? cos(20) + Zgp?sin(26)

27

=(2Z3 + (ay+ a1 [/2)Z4 + 5 Zg) p*+p° /(§a124 )2 + Z2cos(20 — tan"} (=)
144

=<223 + (ay+ay/2)Z, + 6Zg — /(§a124 )2 + Z§> p2e2p /(§a124 )2 + ZZcos? (6 — étan_l(%))
144

©)

While for coma

1,2
(3Zgx + 3Z,y)p? =3p3\/Z% + Z2 cos(6 — tan 1(Z—Z)) (10)

then substituting (8-10 ) in (7) gives the wavefront aberration terms as

W(x,y) =Zo— pZz + azZy + 6,24 Piston

o\ T = VZg)? + (Z; — 112,)? c0s(0 — tan~ L (2122)) Tilt

Z1-YZg

1
2Z3 + (ayta)Z, + 8675 F ’(E aZ, )2+ 722 | p? Focus
2 |1 2 2 2 1 _1, 2Zs . .
+2p° |12, )% + ZE cos®(0 — - tan™ ' (—>)) Astigmatism
2 2 a1Zy

Z
+3p3[(Z6)2 + (Z7)2]1/2 cos{a — tan~! 2—7} Coma
6
+6p*zg Spherical

(11)

The magnitude , sign , and angle of the field independent aberration function coefficients are listed in table (3)
.Note that focus has the sign chosen to minimize the magnitude of the coefficient, and astigmatism uses the sign
opposite to that chosen for focus .
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Table.3 The magnitude, sign, and angle of field independent wavefront aberration

Term | Description Magnitude Angle
—vZe)? - 2 Zy —iZ

Wi Tilt V@ V2 + (Z — 112y can-1 2N
Zy—vZs

_ |1
Wao Focus 273+ (ayta)Zy + 6Zg + (E @174)? + 72

sign chosen to minimize

. . 1
Astigmatis +2 |(GayZ,)? + 722 1 _1, 2Zs
- =t
W m J2 2t Gz

sign opposite to that chosen in focus term

Wy, Coma 3[(Ze)? + (Z,)?]Y/? tan~! —-

Wi Spherical 6Zg

5.2 Standard deviation of balanced and unbalanced primary aberrations

As the Zernike annular ellipse polynomials were found, they were representing balanced polynomials. Now, it is
appropriate to find the standard deviation of the balanced and unbalanced Siedel aberrations as follows:

The aberrations tilt in x and y (distortion) and focus (curvature of field) are having the same form in annular
ellipse as that in circular aperture.

the fifth orthonormal polynomial for annular ellipse with obscuration ratio (k=0.5) represents balanced
astigmatism and it can be written as (from table (2) )

- 2 2

5=[ /m [(-68+44b?)p? + 4(17b* — 22b% + 17) X* - 35b2(1-b?)]/b?
or
_r [32(a7b%*+17-22b2) . , 5 68+44b? 21 1.2
As=[ /—21 [p“cos 6+74(17b4+17_22b2) p?]/b* +cons.

It’s clear here that astigmatism is balanced by defocus, and

—68+44b?

21
PYPTTYIRTEPTTN As
4(17b*+17-22b%)

2 2 21 — B2 e
[p cos°0 + p ] =b 32(17b*+17-22b2)

and so the balanced astigmatism standard deviation is

_12 21
Oba=b 32(17b%+17-22b2)
To determine o of Seidel astigmatism, the aberration should be written in terms of the annular ellipse
polynomials:

21 (—68+44b2)(17b*+17-22b%)1/2
As —
32(17b*+17-22b2) 4%16(17b*+17-22b2)

where c is a constant independent of the pupil coordinate.

p2cos’0=h?

As+CA;
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As stated before, o is the square root of the variance which is in turn can be found by summing the squares of
the coefficients of the polynomial except that of A4, then

1/2

=0.066

O—

( 21b% (—68+44b?)? )
32(17b*+17-22b%) = 16%256(17b*+17-22b2)

The value of o is independent of the aspect ratio b, this is because Seidel astigmatism x? varies only along the x
axis for which the unit ellipse has the same length as a unit circle, and hence it is equal the value of o for
annular ellipse pupil of obscuration ratio k=0.5.

For comma, the 7™ polynomial is

A=| 2] 140p* cos 6(21+7b%)peos6] /(229b"-326b+361)"”

or

A7:[%] [p3 cos 0 -(21+7h?)pcosd/40] /(229b*-326b2+361)"% +cons.
i.e. the comma aberration is balanced by tilt, and

4 _ 2
[o3 cos 8-(21+7b%)pcosB/40] = /5229 3;261) 361
and so the balanced comma standard deviation is
_+/5(229b%*-326b2+361)
Obe= 320
To determine o of Seidel comma, the aberration should be written in terms of the annular ellipse polynomials:

A+ cons.

4_ 2
p? cos e:[J 227 326 *36”J AH1+TDD) 2 A+ oA,

1/2

5 _(5(229b4—326b2+361) (21+7b2)2*5)1/2_((425b4+950b2+1403))
¢ 102400 25600 20480

For spherical aberration, the 9" polynomial is

A= 1 35
97 |7p2 9475(1+b8)—18340b2(1+b*)+21762b*

] [1792p* + (1520b* — 560b% — 160)p? + 160(—b® + b* — 6b% —

1)p%cos?8] + cons.

_|1792 35 [o* + (1520b*-560b2-160)p? n 160(-b®+b*-6b2-1)x?2
[ 7b2 [ 9475(1+b8)-18340b2(1+b*)+21762b% P 1792 1792

It’s obvious that the spherical aberration p* is not balanced by only the defocus p? as in the circular aperture but
also balanced with a small relative value of astigmatism p?cos?8. This is because of unequal axes, so

‘) (1520b* — 560b2 — 160)p> . 160(—b® + b* — 6b% — 1)x2
1792 1792

[p
_[ 7b%2  [9475(1+b8)—18340b2(1+b*)+21762b*

]Ag+cons.
1792 35

then balanced spherical aberration standard deviation is

Obs

_7b% [9475(1+b8)—18340b2(1+b*)+21762b*
1792 35

To determine o of Seidel spherical aberration,

4_| 7b? 9475(1+b8)—18340b2(1+b4)+21762b4A (1520b*-560b%-160)y17b*+17-22b2 A
P =179z 35 o 1792+16 4
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(—68+44b?)
4%16(17b%+17-22b2)1/2

160(-b%+b*—6b%-1) b2 21 A
1792 32(17b%+17-22b2) "

4_| 702 \/9475(1+b8)—18340b2(1+b4)+21762b4]A
Py 9

p

“[1792 35

160(-b%+b*—6b%—-1)b? 21 5(-1408b8+3584b5-1092b*+11760

Ay |+CA;

b2-2208) Ad+cA,

Ac +
1792 32(17b%+17-22b2) " ° 1792%16y/17b*+17-22b2

By summing squares and then taking square root

9

(

1792 35

25(345b%-591b%+607b*—245b2—66)

7b?2 )2 (9475(1+b8)—18340b2(1+b4)+21762b4) n (160(—b6+b4—6b2—1)b2)2 ( 21 )

1792 32(17b*+17-22b2)

241/2

(1792%16)2(17b*+17-22b2)

Table (7 ) summarize the values of standard deviation of a primary and a balanced primary aberration for
annular ellipse aperture with obscuration ratio =0.5.

Table (4) values of standard deviation of a primary and a balanced primary aberration for annular ellipse

aperture with obscuration ratio =0.5.

Type

O
Tilt (oY) E
4
V17b* + 17 — 22b?
defocus (oy) 16
Balanced b2 21
astigmatism (op,) 32(17b* + 17 — 22b?)
astigmatism (o) 0.066
Balanced comma /5(229b* —326b2% + 361)
(Oh) 320
1
4 _ 2 2
comma (o) (425b* — 326b* + 361)\2
21200
Balanced 5 . 5 ) .
spherical 7b J9475(1 + b%) — 18340b2(1 + b*) + 21762b

aberration (ops)

1792 35

spherical
aberration (o)

(

. <160(—b6 + b* — 6b% — 1)b2>2 (

7b?
1792

)2 (9475(1 + b®) — 18340b2(1 + b*) + 21762b4)
35

21

1792 32(17b" + 17 — 22b7)
25(345b° — 5916 + 607b* — 245h2 — 66)211/2

(1792 * 16)2(17b* + 17 — 22b?)

)
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6. Discussion and Conclusions

As stated, before, if there is no field dependence, the terms of aberration function are not true Seidel wavefront
aberration, i.e. field curvature looks like focus and distorsion looks like tilt.

Field independent third order aberration function coefficients for annular ellipse aperture were found as a
function of Zernike annular coefficients as shown in table 3. This table shows that the tilt aberration magnitude
and direction is look like those of circular aperture in that they relate to the coefficients Z,, Z,, Zg, and Z-, but
here Zg and Z; were multiplied by y and y, instead of 2 in circular (see reference[5]).

The focus error is different from that for circular in including the term (op+o4)Z, , or (3(b*-1)(k*+1))Z,. This
happened because of the unequal axes of the aperture which caused asymmetrical coefficients for x* and y? in the
fifth term of Zernike annular polynomials, and it is obvious that this term is equal to zero when b=1.

The same reason causes Z, to accompany by al/2 in astigmatism. While the terms of coma and spherical
aberrations are save there their forms of magnitude and direction as like as that of circular aperture.

Table 4 shows the values of standard deviation, primary and balanced aberrations for annular ellipse aperture
with obscuration ratio=0.5.

Fig. 3 shows values of standard deviations as a function of b (aspect ratio). It is clear that the tilt and astigmatism
are independent on b, i. e. they were constants. This behavior is similar to that for elliptical and circular apertures
(return to reference [3]). The behavior of focus standard deviation is down till the value of b reachs 0.8 then it
rice.

This curve can be compared with the curve drown from values of Mahagan and Die for ellipse[3], as illustrated
in fig. 5. It’s clear that o of focus error for annular ellipse with k=0.5 is more than that for ellipse till b reaches
the value of 0.3 then it becomes lower. Here, as in the rest figures, the straight line represents the value of s for
circular aperture and it is drawn just for comparison.

Returning to coma aberration, it is seen that the standard deviation is increased with b, and fig 6 shows that o is
lower than that for ellipse till b reaches to the value of 0.7 then it becomes higher.

Standard deviation for spherical aberration is so small for annular ellipse with k=0.5 as compared to that of
ellipse (see fig. 9).

The curves of balanced standard deviation versus b are also plot as illustrated in fig .4, and they were compared
with those of ellipse and circular as illustrated in fig. 7 for balanced comma, and in fig. 8 for balanced
astigmatism and fig. 10 for balanced spherical aberration.
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Fig.4 standard deviation (o) versus aspect ratio(b) of the balanced aberrations, spherical (bs), astigmatism (ba),

coma(bc) for annular ellipse aperture with obscuration ratio=0.5.
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Fig.5 standard deviation (o) versus aspect ratio(b) with focus aberration for circular aperture(fc), elliptical

aperture(fe), and annular ellipse aperture(fa) with obscuration ratio=0.5
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Fig.7 standard deviation (o) versus aspect ratio(b) with balanced coma aberration for circular aperture(bcc),
elliptical aperture(bce), and annular ellipse aperture(bca) with obscuration ratio=0.5.
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Fig.8 standard deviation (o) versus aspect ratio(b) with balanced astigmatism aberration for circular
aperture(bac), elliptical aperture(bae), and annular ellipse aperture(baa) with obscuration ratio=0.5.
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81



Advances in Physics Theories and Applications www.iiste.org
ISSN 2224-719X (Paper) ISSN 2225-0638 (Online) iy

Vol.24, 2013 IISTE

standard deviation
(sigma)

0.08

0.07
0.06

0.05 1 cbse
0.04 4

0.03 -
0.02 -

0.01 A

O F T T T T 1
0 0.2 0.4 0.6

0.8 . 1
Aspect ratio (b)

Fig.10 standard deviation (o) versus aspect ratio(b) with balanced spherical aberration for circular aperture (bsc),
elliptical aperture(bse), and annular ellipse aperture(bsa) with obscuration ratio=0.5.
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