Advances in Physics Theories and Applications www.iiste.org
ISSN 2224-719X (Paper) ISSN 2225-0638 (Online) [LLE]§

vol.24, 2013 STE

The Concept of Moments of Order |nvariant Quantum LEvY

Pr ocesses.

Bassi, I.G. , Markus Samaila, Okechukwu C. E.
Department of Maths/Stat, University of MaiduguriNigeria
E- Mail of corresponding Authobassiibrahim@yahoo.com

Abstract
Important information about stationary flows B is contained in moments of the corresponding

L évy process. We consider the case where we have aniowdeiance of the moments of the increments, in
the sense that such moments do not change if viietlshiincrements against each other, as long adomeot
change the relative position of the intervals. Went show that for large classes of quanﬂmévy processes

one can make precise statements about the timeibahaf their moments.

Keywords: Von Neumann algebraStationary flows and quantun évy processes, order invariant, Trace and
moments.

1. Introduction
Lévy processes, i.e. processes with stationary and émdlgmt processes, or “white noises™ as modelséar t

derivatives, form one of the most important classieslassical stochastic processes, and the urdelisy of

their structure was instrumental for many developimén classical probability theory. It is to bepegted that
the understanding of non- commutative versioni;_évy processes will be an important step towards a deepe

theory of non — commutative stochastic processes.

Important information about stationary flows B is contained in moments of the corresponding
Lévy process. In this we will address some of the carabiiasic questions of this theory; namely how @e ¢

distinguish between different non — commutativeta/moises; and what can be said about the timevimhaof

their moments. Even though a general answer toetipeeblems for the class of all non — commutative
Lévy process seems to be out of reach but we are alpieotdde answers to these questions for some quite

large classes of non — commutative white noises.wWafet to generalize the notion of a classical pseosith
stationary and independent increments to a homaragative setting. In the classical setting, ih@ only the
process itself which is of importance, but somesimee is more interested in the structure of tle®aated
filtration of o - algebras of the increments. In the same wayfingeit advantageous in the non — commutative
case to distinguish between the filtration generéethe process, and the process itself. In tlrecoonmutative
setting, the filtration is given by the von Neumaalgebras generated by (or, in the case of unbaliogerators,
affiliated to) the increments of the process. Wk rgstrict to the finite case, i.e. where the utylag stateTis

a trace.
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2. Moments Of Quantum L éVy Processes
2.1 Lemma

Let B = (B),;y be a stationary flow andBt)tZO the corresponding quantulnévy process. Then there exist

constantst, 3, andy such that we have forall t>0
1(B,) =at,
1(B?) = a’t® +pt,
1(BY) = a’t®+ 3apt*+ yt.

Proof. For alls,t= 0O, we have

Bt =Byt B

S+ [s, 1)

and thus

U(B..) =By +1(B)),
which gives, by continuity, the equation for thesfimoment, withal = T(Bl).
For the second moment we get

2 _p2 2
Bs+t - B[O,s)+ B[O,S)B[s,s t)+ B [s® t‘)B [O,sii- B [sts t

Pyramidal independence gives

1(BZ,) =1(BY) +1(BY) + 21(BJT(B)),

s+t
which implies the equation for the second moment.

Similarly, one shows the result for the third motnas follows,

3 _p3 2 2 2 2 3
Bs+t - B[O,s)+ B[O,S)B[s,s t)+ ZB [O,SB [sts tii- ZB [sts tB [O,S-S- ﬁs,sﬂ) B[O,s)+ B[s,s t)?

3 _p3 2 2 3
Bs+t - B[O,s)+3B[0,s)B [s,3 t)+ 3B [s® tB [O,SS'- B

And thus byC - independence we have,

T1(Bg.) =1(B) +1(BY) +31(B)T(B ) + (BN (By). [

S+t

[sts t

2.2 Remark( - independence: for all 1[0l with | N J =0 we have that
t(ab) =1(a)t(b) for all &1 M,and k] M; whereM, and M are von Neumann

subalgebras of M

Notes: we can also phrase tfie- independence in the following form: for akg <u,

Misy) CMis,0)
U U
C c M[t,u)
is a commuting square S.Popa[1983]. If the von Neumalgebra N commutative, C -

independence is equivalent to the usual notionaafsstic independence in probability theory.
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Note that pyramidal independence does not allotowzlculate all mixed moments of fourth and higbeter:
e.g., we cannot make a general statement about T(Bg (B s s 1B (0P [ss - Thus, in this generality;
similar statements are not accessible for highemerds. Nevertheless, explicit polynomial bounds tfoe
growth of higher moments are established in C kof000],[preprint],[2002].

However, if we require some more special structtiren we can say much more about the behaviouigbth
moments. In this work we consider the case wherehaxe an order invariance of the moments of the
increments, in the sense that such moments dohaoige if we shift the increments against each pdseiong

as we do not change the relative position of thervals. We first consider a discrete version @ tiefore we
treat the continuous case.

3. Limit For Order Invariant Distributions
Consider random variablbéN) (i, NOO ,i< N) living in some non — commutative probability sp&kt).
For an n-tuple

i{1,...n} - {L,....., N}

we put

(N) — K(N) H{N) )
b™ = o Y .o, B

For ani as above, we denote iythe number of elements in the range. of
3.1 Definitions:

(@) Leti,j:{1,.....n} > [ be two n-tuples of indices. We say that theyaxoer equivalent, denoted by [,
if
i(k) <i(l) = j(k) <j()  for all k,I =,...n.

We denote byd(n) the set of equivalence classes for mags,....,n} — N under this order equivalence. Note

that for each n this is a finite set.
(b) We say that the distribution of the variablek:t§N is order invariant if we have for all
n,NOO and all i,j:{,,......,n}> {1,.....,N} with il] j that
t(b™)=1(5").
In this case we denote, f@ [10(n), by T(ng)) the common value of(bi(N) for ido.
3.2 Remark: Given such order invariant random variables, cen@ make quite precise statements about the
moments of the sumb{" +....+ " in the limit N- oo
Consider random variablds™ [0 (M,1) (i, NOO ,i< N),whose distribution is order invariant. Assume

that for all 1] and all oJO(n) the following limit exists:

c(@) = imN°r (™).

N -

10
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S, =Y+ L+ QY

Then we have for all@(

lim 1(S}) = > a,c0),

olJO(n)
where thed ; are the constants,

a = lim AidL....,n} 5{0,...,N} _1 .
’ New NP |o|!

4. Moments Of Order Invariant Quantum LEVY Processs.

In the following, we will use, for two intervals JO |, the notatiorl < J to indicate that we have s <t for allls
| and tO0 J.
4.1 Definition

Let (B),n be a flow. We say that the flow (or its correspamgdiuantumbL évy process) iorder invariant if

we have for alll, ....,I O with I, N1, =@(«,/=1,....,n) that

(B, ...B,)=T(B B )

forall t,.....,t with the property that, for ak,/ =1,....,n, |, <I, implies
| +t, <l +t,.

4.2 Remarkthat an order invariant flow is in particular stetary.

Consider such an order invariant flow}B . Put

b =B
I [l

z|.L
z|-

).

Then we have an&, = QN) + ...+ th) = B for all NOL! and, since the distribution of trtafN) is order

invariant, our limit (1), yields that

1(B))= D a,c(o),

olJO(n)

if all

c(@)=|imN°T (b)) exist.
|\

4.3 Proposition

Let (B),» be an order invariant flow. Then, for allh] and 0 L1 Qn), the limit

c(@) =|limN°t(b{") exists.

N S oo
Proof. We will prove this, for fixed n, by induction ewthe length of0, starting with the maximal length of
0.

11
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Namely, fix n and consider first@ with |0 | = n. This means that i =(i(1),....,i(n))J0 is a tuple of n

different numbers. By using the stochastic indeleece we get

NC(b) = Nt (b Y )

= NnT(bi((T)))---I (tf(’:; )
= LBy
=(Nt(B ,))"

IOYN)
=1(B,)",
and hence the limit

c(@)=|imN° (") =1(B,)" exists.

N -

Now consider an arbitrary0 [l Qn) and assumed that we have proved the existence eflithits
c(c') for allg OQn)with |0 [>|o |.Choose an n - tuplé =(i(1),....,i(n))0 G and consider

T(B[i(l),i(1)+1)""B[i(n),i(n)+1) )-

We now decompose the intervals of length 1 intaibirgtervals of length 1/N, so that we can writes thliso as

N N
T(( z B KL k@) = (Z B k(ny1, o k(n) )
N

K(D)=1 [i(1)+ N K(ME1 [i(n)+T,|(n)+T

If we multiply this out and collect terms togetheith the same relative position of the subinterytiien we get

a sum of terms, one of which is exacty°t(b{"), and the other are of the forma,T(b((j’,\‘), for @ with

|o" P|o|.since alsoy . [l NP for N = o, we know by our induction hypothesis that all thesher

terms have a finite limit folN — oo .
Since the left hand side of our equation does epedd on N, the terrN'“'T(b((,N)) must also have a finite limit

forN = oo, []

The same argument works if we replace the time arbgrbitrary time t. In this case, we get thetexise of the
limits
— i ol
¢ (0)= L‘[To‘o N T(B[i(l),i(l)ﬂ/N) ------- Efi(n),i(n)+t/N) ),
for i =(i(1),....,i(n))I 0. The remaining question is how the8g(0) depend on the time t. We see this in

the following:

4.4 Lemma
We have that

12
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c.(0)=c()d  for all 0

Proof.For i =(i(1),....,i(n))0o and t[] , we have
=i o]
C20(0) = M N"T(By ) yezimy-+++ Brgapicopezemy )
=i o}
B Llrjl N®T((Bywyicy+umy +Brwiwsaum)

------ (ai(n),i(n)ﬂ/N) + (ai(n),i(n)ﬂ/N) + I'Dfi(n),i(n)+2t/N) )

=2"¢ (o).
Note that for each block o we can choose either the increments from i ta/Nt+or the increments from i +
t/n to i + 2t/N to match up, i.e. each block@fcontributes a factor 2. On the other hand, termishwimatch for
some block an increment from i to i + t/N with aeciement from i + t/N to i + t/N to i + 2t/N vanish the limit,
because they correspond twawith |G [>|0 |,and so they have to be multiplied with a higher powf N to
give a non — trivial limit.
In the same way one can see that for kriy[] and any t10 we have

6. (0) = K¥c, (0).

This finally yields the assertion!

5. Conclusion

By invoking t for each block o0 one could also derive functional equations for djiti@s which, together with
the fact that they are measurable, would extendtitement of lemma above to &ll1[] . However, we do not
need this because the continuity of the momagf8; ) allows us to extend the statement from rationalliteeal

times t as can be summarize in the following;
5.1 Theorem

Let (B,),» be an order invariant quantlo€Vy process. Then there exist constag(e) for allo L] O such

that forallnd] andallt=0

(B = >, ic(cr)t"".

ol1O(n) | o I !

Refer ences

C.Kostler, (2000) :Quanten-Morkoff-proces®h.D. Thesis, Stuttgart

C.Kostler, (2002): A quantum stochastic extension of ston&hgorem. In Advances in Quantum

Dynamics South Hadley, MA, , 209-222
J. Diximer, (1981) von Neumann algebrablorth — Holland Mathematical Librargy,.

M. Gordina, (2002)Noncommutative integration in examplastes

13



Advances in Physics Theories and Applications www.iiste.org
ISSN 2224-719X (Paper) ISSN 2225-0638 (Online) [LLE]§

vol.24, 2013 STE

U. Haagerup, (1977):"- spaces associated with an arbitrary von Neumanelaig, Algbres d oprateurs et ieurs
applications on physique mathmatique (proc. Cojltgrscille,175-184

E. Nelson, (1974)Notes on non-commutative integratidournal of Functional Analysidp, 103-116

S. Popa, (1983): Orthogonal pairs of *-subalgelmaite von Neumann algebras. J. Operator Thé&bPp3-
268

G. Pisier, and Q. Xu (2003Non-commutative tspacesin Handbook of the geometry of Banach spacgs,
1459-1517North Holland, Amsterdam.

I.E. Segal, (1956)Tensor algebrasover Hilbert spacés)n. of Math., 63, 160-175.

I.LE. Segal, (1953): A non-commutative extension of abstract integratiohnn. of Math., 57

401- 457.

R. Speicher, and W. von Waidenfeis, (1994)general limit theorem and invariance principla. Quantum
probability and Related Topics IX 371-387,

M. Terp,LP-spaces associated with von Neumann algelmnasuscript.

B. Tsirelson (2004)Nonclassical stochastic flows and continuous présliRrob. Survl, 173-298 (electronic)

D. Voiculescu, (2002)Free entropyBull London Math. Soc34 257-278.

14



This academic article was published by The International Institute for Science,
Technology and Education (IISTE). The IISTE is a pioneer in the Open Access
Publishing service based in the U.S. and Europe. The aim of the institute is
Accelerating Global Knowledge Sharing.

More information about the publisher can be found in the IISTE’s homepage:
http://www.iiste.org

CALL FOR JOURNAL PAPERS

The 1ISTE is currently hosting more than 30 peer-reviewed academic journals and
collaborating with academic institutions around the world. There’s no deadline for
submission. Prospective authors of IISTE journals can find the submission
instruction on the following page: http://www.iiste.org/journals/  The IISTE
editorial team promises to the review and publish all the qualified submissions in a
fast manner. All the journals articles are available online to the readers all over the
world without financial, legal, or technical barriers other than those inseparable from
gaining access to the internet itself. Printed version of the journals is also available
upon request of readers and authors.

MORE RESOURCES

Book publication information: http://www.iiste.org/book/

Recent conferences: http://www.iiste.org/conference/

IISTE Knowledge Sharing Partners

EBSCO, Index Copernicus, Ulrich's Periodicals Directory, JournalTOCS, PKP Open
Archives Harvester, Bielefeld Academic Search Engine, Elektronische
Zeitschriftenbibliothek EZB, Open J-Gate, OCLC WorldCat, Universe Digtial
Library , NewJour, Google Scholar

e BSCO INDEX@ COPERNICUS
ros INFORMATION SERVICES DN RSN B LI AR

@ vmensyize sourmaocs @

£z Elektronische
@0® Zeitschriftenbibliothek

open

GEORGETOWN UNIVERSITY

LIBRARY



http://www.iiste.org/
http://www.iiste.org/journals/
http://www.iiste.org/book/
http://www.iiste.org/conference/

