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Abstract

Distorted wave method has been employed in the calculation of the differential and integral cross sec-
tions for elastic scattering of electron by calcium atom at impact energies between 60 and 200 eV.
The results obtained were compared with experimental and theoretical results available. The present
results for the differential cross-sections are in good agreement with both theoretical and experimental
literature results while the integral cross-sections shows that present results are compare well with the

available experimental results.

Key words: Cross-sections, distortion potential, distorted wave, static potential and spherical har-

monics

Introduction

Cross sections for electron scattering from atoms and molecules play an important role in the under-
standing of electron interaction with the targets and in the determination of dynamics of the collision
processes. The cross sections for inelastic scattering are applied in laser development as well as in
plasma physics. Elastic scattering cross sections are useful in X-ray photoelectron spectroscopy and
Auger-electron spectroscopy. A study for the elastic scattering of electron by calcium atom at low
impact energies (10, 15, 20, and 40 eV) has been reported in Kinyanjui et al 2020. In this study the
distorted wave method was applied in calculation of the differential and integral cross sections for elastic
scattering of electron by calcium atom at electron impact energies between 60 and 200 eV. Being an
elastic scattering both the initial and final distortion potential were taken as the static potential of a
calcium atom in the initial state. The distorted waves have been determined by partial wave expansion
method by expanding them in terms of spherical harmonics while the radial equation corresponding to
distorted waves have been evaluated using Numerov method. A computer program DWBAL developed
for electron-hydrogen scattering is here modified to perform the numerical calculations for electron-

calcium scattering. The calculated results for differential and integral cross sections are then compared
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with the available experimental and theoretical literature data. The comparison of the present calcu-
lation with other theoretical and experimental results show that present DWBAT1 results are in good

qualitative and quantitative agreement with the experimental data.

Previously, Milisavljevic et al. (2005) used a crossed electron-atom beam experimental technique to
measure differential and integral cross sections for elastic scattering of electron by calcium atom at
electron-impact energies of 10, 20, 40, 60 and 100 eV and for a range of scattering angles (f) from 10°
up to 150°. Raj et al. (2007) used complex optical-potential method to calculate differential cross-
sections (DCS) and integral cross-sections (ICS) for elastic scattering of electrons by calcium atom at
electron impact energies of 10 to 500 eV. In 2010, Pandya et al. used a complex optical potential to
calculate DCSs for elastic electron scattering by calcium atom at electron impact energies 10, 60 and
100 eV. The two theoretical approaches results when compared with experimental results do not agree
well. The observed discrepancy has motivated the study of differential and integral cross sections for

elastic electron-calcium scattering using the distorted wave method in the energy range of 60 — 200 eV.

Theoretical framework
In the distorted wave method, the total Hamiltonian H, for electron-calcium elastic collision is given
as (Singh, 2004; Madison and Bartschat, 1996)

H=H +T+V (1)

where H, is the Hamiltonian for the isolated atom, T' is the kinetic energy operator for the projectile
electron and V is the interaction between the projectile electron and the atom. The initial state full

scattering wave function ¥} is a solution of Schroedinger equation
(H—-E)Y} =0 (2)

The T-matrix for the electron-target collision in the two potential approach as given by Madison and
Bartschat ( 1996) is

Tip =(N + 1) {7 (0Ot (1,..., N[V — Ur| AW F(0, ..., N)) 3)
+ (g (Ol ..., N)|UR|Y(1, ..., N)B3)
where
B; = exp(ik.ro) (4)

and ¢ and 1y are the initial and final wave functions of the calcium atom respectively. A is the

antisymmetrization operator for the electron-atom system, generally given as

N
1

o N E >4

A= N+1 (l 1 Pm) %

where Py is the operator that exchanges the i atomic electron with the incident electron (labeled 0).

Xy is a solution of the wave equation

(Va—Us+k3) x5 =0. (6)
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The Born series expansion is done for ¥;" and considering the first term of it only, then we get

Tip =(N + 1){x5 ()0 (1,2, ., N)[V = Ug| AYf (1,2, .., N)xi (0))
+ (X7 (0)p(1,2.., N)|Up[s(1, 2, ..N)3;(0))

‘When the target is one electron atom or quasi one electron atom (when we consider only one electron of
the atom in the collision process) and elastic collision is being considered, then the direct and exchange

transition matrices corresponding to the above Tj; can be separated as follows.

T = (x5 (0)a() [V [¢:(L)x (0)) + (x5 (0)|T:(0)]8:(0) — i (0)) (8)

and

T = (x; Ow:(DVIv:(0)x3 (1)) — (x7 (O)Ui(0)[14:(0)) {bu(1)x (1)) ©)
since 1 = v, (for elastic collision processes) and U; = Up. Here, ;" is the distorted wavefunction

representing the projectile electron in the initial channel and is a solution to the wave equation
(Vi-Ui+k)xf =0. (10)

Here, U; is an arbitrarily chosen potential for the distortion of the initial state projectile electron and
k; 1s the initial wave vector of the projectile electron. In this study U; = U; and has been taken as the

initial state static potential of calcium atom.

For the elastic scattering the terms in T¢ having distorted waves (both X (0) and x:H(0) will vanish

and direct matrix 7% takes the form

T = (x; 00|Val 3:(0) — x) (11)
where Vi; = U;. The second term on the right hand side of equation (9) contains the overlap integral
between the bound and distorted waves. The oscillatory nature of the distorted wave will tend to cause
this integral to vanish, particularly when the distorted wave oscillates significantly more rapidly than
the bound state wave function which is the case for intermediate to high projectile energies. As a
consequence, this overlap term is ignored and exchange matrix is approximated as follows.

T = (x; (0):(1)|V

i (0x;" (1))} (12)

The distorted waves y;” and X for the projectile in the initial and final states are expanded in terms

of partial waves (Singh, 2005) as

2 1 ol * .
XY = \/; = D (b )Y, ()Y, () (13)

Lim;
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= 21 g & *
X7 = \/;g > X (g, T Vi, (O0) i (k) (14)
Y dymg

where Y}, are spherical harmonics. Substituting equations (11) and (12) into equations (10) and (6)

respectively, the radial distorted waves become the solution of the following equation.

d?
(@ - !([Tij]) —Us(r) + fff) xi.(r) =0 (15)

with s = i for the initial state and s = f for the final state distorted waves. In the asymptotic region,

they will satisty the boundary condition
lim,ooxu, (ks, 7) = i, + Bi(m, + 441,) (16)
where j; and n; are the regular and irregular Ricatti-Bessel functions and B; is given as
By = exp(id;) sind; (17)

with ¢, being the elastic scattering phase shift.

Since elastic scattering was considered, both the initial and final distortion potentials were taken as the

static potential of a calcium atom in the initial state that is

where U, and U are initial and final distortion potentials respectively. The mathematical formulation

of static potentials is generally expressed as

Us = (s|V

¥s) (19)

where 1, is the target wave function.

The radial distorted wave equations (13) for initial and final states is solved using Numerov method

and the differential cross sections calculated using the relation

do _oAA kf 1 ol ex |2 3 d ex |2
E_4WE(:1|T + 1| +Z|T T (20)
This is integrated to obtain the expression for total cross section
do
= [ —dQ
7 / <
T d

o= 27r‘/n %sin(—)d@ (21)

Results and discussions
The newly calculated DWBA results have been compared to some of the available theoretical calcu-

lations as well as the measured results of Milisavljevic ef al. (2005). At impact energy of 60 eV the
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picture on the left side of figure 1, shows that the present results are in better qualitative and quan-
titative agreement with experimental results of Milisavljevic ef al. (2005) compared to the calculated
optical potential results of Khare et al. (1985), Raj and Kumar (2007) and Pandya et al. (2010). The
present result replicates the two minima observed in measured results of Milisavljevic et al. (2005) and
caleulated optical potential results of Khare ef al. (1985), Raj and Kumar (2007) and those calculated
by Pandya et al. (2010). This shows that the DWBA method is equally accurate in the calculation
of the cross-sections. The minimum of the present results is slightly shifted to the right at 145° in

comparison with the experimental results of Milisavljevic et al. (2005).
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Figure 1: Differential cross sections for elastic scattering of electrons by calcium atom at 60 and 100

eV incident energy respectively

The same comparison is observed in the case of 100 eV right hand side of figure 1 where the calculated
results of Khare et al. (1985) overestimates the present DWBA calculation while those calculated Raj
and Kumar (2007) and by Pandya et al. (2010) underestimates the DWBA results. The positions of
the two minimas in the present results coincide with those of the measured results of Milisavljevic et
al. (2005). It is worth noting that the present result have their minimas higher as compared to the
mentioned experimental data. In comparison of the calculated results at impact energies of 60, 100 and
200 eV, shown in figures 1 and left side of figure 2, the minimas appear to shift to the lett as the impact
energy increases. For the case of 200 eV, the present result is intermediate between the optical po-

tential results of Raj and Kumar (2007) and the complex optical potential results of Khare et al. (1985).

A study of the integral cross-sections (ICS) for elastic scattering of electrons by calcium atom was con-
ducted as shown on the right hand-side of figure 2. This study was performed for the impact energies
between 40 eV and 200 eV. The present DWBA results for this range falls within the error bars of
the experimental results of Milisavljevic et al. (2005). This is another reason to show that distorted
wave Born-approximation method can accurately be used to calculate both differential and integral

cross-sections for this system.
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Figure 2: Differential cross sections for elastic scattering of electrons by a calcium atom at 200 eV

incident energy and the total cross sections respectively

Conclusion

The DWBA method has been successfully employed in the calculation of both the differential and total
cross-sections of elastic scattering of electrons by calcium atom. The present results have shown better
qualitative and quantitative convergence to the experimental results as compared to the mentioned
optical potential and complex optical potential methods. In the outlook, the DWBA method can be
extended to investigate the cross-sections for elastic scattering of positron by calcium atom as well as

other atomic systems.
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