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Abstract

We investigate the effect of parallelizable property on supergravity equations of motion, therefore

we will extract the exact solutions of Conformal Liouville Theory from D=10 Parallelizable IIB
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1. Introduction

The conformal two-dimensional Liouville field theory is related string fields theories [1] and
provide an effective theory of 2D quantum gravity[2]. However , the parallelizable manifold is
one of different categories of manifolds[3], which has a lot of applications in physics namely,
Parallelizable supergravity[4], Parallelizable supersymmetry[5] and Parallelizable plane
waves[6]. In our studies we will introduce the parallelizability condition in the action of D=10
supergravity in presence of a 5 form Ramon-Ramon and we will see under which conditions we

get a conformal Liouville equations.

The outline of our paper is as follows. In section 2, we review the parallelizability according to
different definition. In section 3, we introduce the parallelizability in NS-NS part of the
supergravity action. In section 4, we will extract the Conformal Liouville theory from
Parallelizable IIB supergravity in the presence of a 5-form Ramond-Ramond. A brief conclusion

is reported in Sec. 5.
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2. Review on Parallelizability

According to a definitions given in the references [7], a manifold M is said to be parallelizable if
there exists a smooth section of the frame bundle, or equivalently, if there exist n smooth sections
of the tangent bundle T(M), such that they are linearly independent at each point of M.

More intuitively, a manifold is parallelizable if one can cover the whole manifold with a single
non-degenerate coordinate system.

There is another definition of parallelizable manifolds due to Cartan-Schouten [8]: A manifold is
called parallelizable if there exists a torsion which *‘flattens" the manifold, i.e. makes the
Riemann curvature tensor vanish.

Let us make explicit the decomposition of the connection into a Christoffel piece and a torsion

contribution[8;5] :

I =T, +T} M

uv 2

A

where Fjv 1s symmetric in gv indices and T /fv (torsion) is anti-symmetric. The curvature R,

may be decomposed in a similar way, into a piece which comes only from the Christoffel
connection and the torsional contributions:
Ry =Ry ¥ VTl =V 5T + T Tl =T, TS )

uvefp a” B B~ uva upp = v Hop v

The parallelizability condition simply becomes R wap = 0. If the modified Ricci tensor

A

— a A
R, =R, +V,T.-T,T" ®)

a” uv wip*v

is zero, the manifold is said to be Ricci-parallelizable . Note that the generalized Ricci tensor

A

R, 1s not symmetric in its xv indices. For a manifold to be Ricci-parallelizable, the symmetric

and anti-symmetric parts of R . should both vanish, namely VT =0 and R, —T, T =0.

a’ uv wiptv
With the above definitions, the parallelizing torsion for a group manifold is given by the structure

constants of the group algebra [8].

3. Parallelizable supergravity

Since in most string theories, a torsion field naturally arises, one may look for implications of

parallelizability for supergravities and their solutions [9]. Here we mainly focus on type II
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theories, however, most of our arguments can be used for heterotic theories as well.

First we recall that the NS-NS part of the supergravity action is of the form[5]
‘szﬁﬁdwa—ga”[R+4ag¢f—T%HQJ. )
p
Since we are interested in solutions involving only the metric and torsion, we set the dilaton field

¢ to a constant. Then the supergravity equations of motion for the metric and B, field are

R —lH

g upA

V,(J-gH%)=0, ®)
H=dB.

H =0,

If we define 7 H,,, as torsion T,

14 auv

the supergravity equations for the metric and B, fields are

nothing but the Ricci-parallelizability condition. Hence all parallelizable manifolds (which are

obviously also Ricci-parallelizable) satisfying the constant dilaton constraint [10]

R:éHz 6)

and have a closed torsion (i.e. dH =0 ), are solutions of supergravity .

For any supergravity solution one may wonder about g and o' exactness as well as (classical)
stability. The parallelizable solutions which we are interested in are non-dilatonic and hence they
are &s independent. The «'-exactness of these supergravity solutions were studied long ago in
reference [11]. Computing the second «' contributions to the string theory g -functions, it was
shown that such contributions are zero for parallelizable manifolds. Therefore the parallelizable

solutions of supergravity are exact up to order . It has been argued that this property is

expected to remain to all orders in ' [12].

4. Conformal Liouville theory from Parallelizable supergravity

Let's consider the effective action of D=10 type IIB supergravity with a Ramond-Ramond 5-form
field strength [13]:
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where g is the metric of spacetime, ® a dilaton, the field strength H=dB with B an anti-symmetric
NS- NS field and F=0C(4) where C(4) is the corresponding R-R 4-form.

The derived supergravity equations of motion in the 6-model frame

_ 1 .po 20 ( KApo | Kﬂpa'r))
R,uv - ZV,UVV(I) + 4 HﬂpcrHv + 3,4! F,ur(/lpchv 10 g,quK/ipch

0=V, V'0-2(V,0)ViDd)+LH, H",

() P ®)
0=V, (e"H""),
0=V Fmr,
introducing parallelizability conditions equ.(6) we obtain the following system of equations
O = _2v,uvvq) + % (Fykﬂ.paFl;Klpo- - % g,quldpaTF’dpo—T l
(0= V VD2V, @) VD) + s H, H, ©)
OzH”VpVﬂe’m,
_ VKA,
0=V F7,
As for the R-R 5-form, we assume that
F=dunp(x') (10)

where @(x') is an anti-self-dual closed 4-form in the transverse eight-dimensional space, i.e.,

p(x")=="p(x"), dp(x')=0 (11)
Suchas F="F.

Taking the (uu)-component of the equation for the Ricci tensor(ie. u = x*, 4 =v ), we obtain

20
0=-2V,V,®+ ﬁ(plw(ow (12)

" = p*. The covariant derivative V, is defined as follows [5;6;13]:

where ¢,,¢
V,=0, +1wg”rab =0, +lv?/u (13)
4 4

where W, = w®”T, is the spin connection. By inserting the expression of covariant derivative in

equation (12) we find the following equation
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where y (@) = %28 .

Case 1: For w, =0, equation (14) became

2.0 = y(p)exp(2D) (15)
this equation has been well studied in references [6;13] which corresponds to a Liouville equation

whose solution is given by

INEHIORE
20) = | = , (16)
AR =" ) [1—f2<u>j

where f is an arbitrary analytic function.
Case 2: If we set W, # 0 with the following constraints: With the following constraints:
(L,)0,+1(8, 1, +14]) D=0 (17)
equation (14) becomes
Ew,)0,®+L1(0,Ww, +1W)d=0
(1) (18)
0,-® = 7(p)exp(2D)

by integrating the system (III), we find the following solution

W,

D(u) =1<.wu(ﬁI ‘

(19)
_ 0,/ ()
exp(2p0) = ﬁ (1—f'z<u))z

where K and p are two arbitraries constants.

if we combine the two equations of (19) we obtain the following expression for the function f

f(u)y=1- 2[T exp{2j{%¢) exp[2ﬂK.vT/ue_ﬂ‘W“ ]T} + 1] (20)

Case 3: If we set w, = 0 with the following constraints:
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with this constraint, equation (14) is transformed to the following system
02® +a(u)o,® +b(u)d =0
") (22)
0;® = {(p).exp2p

with a(u) = -7 b(u) = 4((2(2) T c(u)) and ¢ (@)=
We @, consider a particular solution of the system (22), for example the solution given in the
reference [13]

@, (u) = —log(cos(a.u))) (23)
where a’ = £ (p).

Taking ® =®,.z and § =0,z then equation (22) becomes

®,.0,0 +|a(u)®, +20,®,]6=0 (24)
which has as solution
O(u)= AD; (u)exp(om) (25)

where o = [a(u) and A is a real constant. Consequently, the solution @ is given by

®(u) = —loglcos(\/Z (@) u)][ — ({:((\72(@ p BJ (26)

Case4: If weset W, #0 and ( w,).0,®+— (8 w, + W).D = y(p).exp(2D)
In this case we have the system of equations

(—w ). + 1 (a » +i 321D = 7(¢) exp(2D)

u u

65. =(z<¢)—y<¢))exp(2cb>

The second equation of this system corresponds to a Liouville equation which has the following

27

solution
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Where
fu)=1- Z[T exp[Z | [—Z ) ~ @) expr2K e ]” + 1] (29)
and
7(p) = i[w 0,0+ (0, W, + i wj).cp} exp(—2d) (30)

5. Conclusion

In our studies we have study some applications of parallelizability in physics. Such property
is introduced as an ansatz in the action of D=10 supergravity in presence of a 5 form Ramon-
Ramon. We have proposed and discussed the different cases of analytic expression for the
solutions of conformal Liouville equation obtained from the background of parallelizable

supergravity.
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