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Abstract

In the present paper some results are obtainddtinaction of Gravitational and Electromagnetiel&s.The
obtained results are generalized form of well kna@sults in the field of general theory of reldivand Tensor.
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Introduction: The interaction between gravitatiofiald and electromagnetic field by the use of dgadThus
for a non-null nonaligned electromagnetic fielcenaicting with a Petrov type N shear free gravital field we

have simple expressions for the 3—vect,_band§ and the 3-dyadicg andK . It is useful in Perfect fluid

distribution, related general physics and also ydrbdynamics. In this paper to discussed the ioteEna
between gravitational field and electromagnetitdfiey the use of dyadics. It is very useful resoftgyeneral
theory of relativity is obtained where we use thad gravitational field may be algebraically spéaad
principal of null direction coincide on some coimlit The gravitational and electromagnetic fielé aon-

aligned. It is very useful in perfect fluid.

Main Results
1. The electromagnetic field:
The electromagnetic field is represented by skemwrsgtric tensof,,,. = F,, satisfying Maxwell's equations.
EY = (Fy +iE,)" =0 1)

« _ 1 ;
WhereF;, = gfuvaFay is the dual of,,,.
By © €5 axy + Duptry 2
The dyad components 8f,; are the 3 complex quantities

0, =S0S"0ns, 0 =S{S70u5, 0, =550

Which correspond to the six real components,pf

The symmetric 2-spindb,z can be represented @g; = a(4fg)

And henceF,;, may be classified as:
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(1) Non-null (general) when, # ay
(I Null whena, = ag so thatd .5 = a,ap
When the self-dual bi-vectdy, is null, there exists a null vectt*
Such thatF;, K* = 0 3)
And F,,," may be written in the form
Fp;—; = ZK[HEV] = Vw 4)
Wheret* is a complex null vector satisfying
Kt =0, t't, =1 ®)
Equation (1) now implies
K KT =0, Kt t =0 (6)
Einstein’s field equations
1
Tp.v = F;'I.O'FVU - Zg;wFoyFay = _Ruv (7)
. 1
Give Ry, = = KK, (8)
While Binachi identities take the form
. 1
Cauvp”™ = Rojany = _E{(KUK[A:MJ) + (Koyuko)} (9)
According to the theorem by Goldberg , Sachs , Kandl Thompson

The gravitational field which is a pure gravitatidmnadiation field in the case is algebraicallydpkand its
principal null direction* conncides withK* , which from (6) is geodesic and sheer free .

In the non-null case,;, has the form
Fu' = 2A(Ppudv) + tuty) (10)

Where p# andg* are the principal null directions of the electagmetic field an({p", q*, t“,f”} form a null
tetrad . A is the complex field-strength .

Denoting the tetrad components of the optical vsabdd the principal directiong# andg* by x, ,0, ,p,, ¥, and
X, , 05 ,D2,Y, respectively .we may write Maxwell’'s equation &k)

1 _
E(logA),u = _qup. - Pzpu + yltp. + y2tu (11)
Field equations (7) give

1
R/w = |A|2 (Zp(uCIv) - Eg;w) (12)

Two cases may arise for fields:
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(1) The gravitational field may be algebraicallesial and its principal null direct coinc&eith one op*
org*.

Two fields are said to be aligned.

(2) Gravitational and electromagnetic fields ana-aligned i.e. the principal null vecttt of the gravitational
field does not coincides with eithpt or g* .

In this case we scale the null vectors so that
lup” = —luq” =-1 (13)
Rotating the space-like vectos, —» et, ) we may write ,
1 —
h=70Pu—qu+tu+1t,) (14)

And complete the null tetrad of gravitational fiddg choosing

n, = %(—pu +q,+t,+t,) (15)
my, = %(pu +qu+t,—t,) (16)
2. The null field :

Using equation (9) we calculate the current comptse
. A gu v
Jrst = C)L;wp'p =rtstt! =][rs]t
. 1
In this case we haw,,, = —El#lv sothatR =0

’ 1 l l l l
Tur = Ry’ = =5 (0% + 1) (0% + 1)

1
= —Z[oluolv + 01l 4+ 1ol + 1'm1l]
Strangling the components of Ricci tensor we have

1 1 L
R00=—Z’ R01=_Z' Roz = Ro3 =0, Rll:_Z’RU:O

Whereu = 11, v = 21, w = 3! are the unit vectors along the space-like congreien

Hence for/,; , we have

j=—t+ V(T +2P) +alT+ Pl —wXt+24 Xt —2s.t (Dy)
, 1

ji=7(a+ 814,
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Jo =5 (az + 28, = 24° + %),

js =5 (as + 2813 — 242 — w?)

k==Y t—(A X[T+P]) +SIT+P]

Ky = 224" = Niy) Ky = = (Si3 + 342 = Nyp — Ly)

K3 = _é(slz = 34% + Ny3 — Ly)

J=Vt—[F+PA]+;[tT+2P]1+at+ta
—wX[T+P]+[T+P]Xxw+AX[T+P]—-S[T+P]

Jin = _%(al +811) )12 = —%(az + 812 + A2 + 0¥ = Ny + L),

Jiz = —%(a3 + 813 — A% — w? + Nip + Lg)

J21 = _%(az +281, = 24° + @0%), Jpo = —%(522 — Nyz — Ly),

J23 = _%[523 + At _%(Nn — Nz +N33)] )

J31 = _g(% + 2813 + 247 —w?) ]33 = _§(533 + Na3 — Ly),

1 1
J32 = _5[523 - A +5(N11 + Ny — N33)] ’

(D)

(D3)

K=—y><[T+P1]+§y(trT+2P)x1—gxs+34g—(4-g) (D,)

Ky, = —§(2A1 — Ny, Ky =Ky3=0

Kp1 = == (Si5 + 342Ny, — Ly)

Kz = =5 [Sss = A" 435 (Nyy + Noy = Ny3)],

K3 = _% (S33 + Noz — Ly),

K3 = % (812 = 34% + Ni3 = Ly),

Kso =5 (Sz2 = Naz — L),

Kz =5 [Sza + A =5 (Nyy = Npp + Ni)|

From the relations

tJ=V - -t—|[P+(S)P]+2a-t—S:T=0and

VT-[i+oxt+ St =S-t+Axt—a-[T+P],
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We have

a; + 5 = _%(522 +S33—2L,); €e+E=P+P
_2L1 + tTS = _Zal _511; al + 511 = —%(522 +533 —_ 2L1)

a2+512+/13+0)3—N13+L2=0, a3+513—/12—0)2+N12+L3=0

The last two relations give = 0 and/;, = J;3 = 0 substitutingf,,, + iF;;, = 2[,m,) is Maxwell's equation ,
we haves = [, ,mtm” =0

.€. 825 — S33 = 2N,z , Npy — N3z = =253
From these we have
K, =js, K; =—j, ,
1
Jo2 = J33 = K3 = —K35 = E(szz + 833 — 2L1)
Ky =—jz3 =—-K;, K31 =j,=—K3; Jo1 = —J2 ) Js1 = —J3
1 1 1
J2s = _E(ZAI - Nyy) = _;Kl = EKn

1 1 1
J32 = E(Z/l _N11) = §K1 =—-5Kiy

1 1 1 1
Ky2 = K33 = E(ZA —Nyy) = EKl = _EKn-
Hence setting

1 1
f =Z(“1 +511) .9 =§(a2 + 25, — 243 + w?)

1 1
h = g{(a3 +2833) = 24% — 0%}, K= §(2/11 —Nyq)

we have

j=futgv+hw , K=Ku+hv-gw

1 1 1 1

J=—fuu-gvv+sfrv-sKvw-hou+tsKov+sfow
1 1 1 1

kK=-Kuu-hpp+-Kvv+ofro+gou-sfov+sKow

Where u,v,w are unit vectors along the space like auxiliaggruences.
If (# defines a geodesic null congrueneet; € = 0.

Therefore , =0

This impliesP + P = 0 i.e.e* is geodesic shear-free and divergenceless.
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In this casej = gv+ hw, K=Ku+hv—-gw, jJK=0
J=—gvu——K(vw-wv)—hou; K=uu—hou+ Kvv+gou+-Kow.t
If the Weyl tensor is of Petrov type N, P = Otisat
1 1 1
fZZ(al +511)=_§(522 +533_2L1)ZOZK=§(2A1—N11)=0
~j=gv+hw,K=hv—gowwith j -K =0

J=—-gvu—-hou,K=-hvu+gou

I

3. Non-null aligned field:

In this case one of the principal null vectorshaf electromagnetic field coincides with the pniadinull
direction of the gravitational field and the elecbhagnetic tetrad frame may be taken to be cointidéth the
null tetrad frame may be taken to be coincidenihwie null tetrad frame of the gravitational fielle have

1 1
Rp.v =20 [p(uqv) - ng.v] =0 [lp.nv + lvnu - Eg;w]
Where® = |A|?, A, the intensity of the electromagnetic field.
1
R = @g*’ [lun,, + lLyn, — E‘g’“’] =0

Hence the strangled componentskpf are

1 1
Roo==5@,Rox =0,k =12,3; Riy =50 = —Rpp = —Raz, Ry = 0] # k

For the strangled components of the energy-mometausor, we have

1 1
P=T00=ER00=__®' t=0,T=

2 P(uu-vv-oww)

A

Where, once againy,, v, w are the unit 3- vectors along the space — likel@nyicongruences.

Therefore, for the components of the 3-vecfoendk and 3-dydadics J , K, we have
1= %Q,l y J2 = iq),z +%®a2 Jz = i®,3 +%®a3
1 1 2 1 3
Ky =047, K2=§®(/1 —S13), K3=E(A + S12)

1 1 3 3 1 2 2
]1122(3' ]122_5(2)(512‘*'/1 - w?), ]132_5(3(513—/1 + w?)

1, 1 1 1 1
]21=E¢w ) ]22=—Z®—E¢522, ]23=_§®(523+A)

1 5 1 1 1 1
J31 = — 50w, ]32=§®(523_/1)' ]33=__®_E¢533

2 4
1 1 1
K11=_§¢N11: K12=Z 2,3 'K13=_Z®'2
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1 1 1
Ky =70,3—-50(Nyz +13), Kpp = Z(Z)(Nll + Npz = N33),

4 2

1 1 1 1
K3 =Z®,3 +E¢(N23 —1),K3y =—-0,2 _§®(N13 = 1),

4
1 1 1
K3, = _ZQ)'l +§(N23 +14), K33 ZZQ)(Nu — Nz — N33);
t]=V-t—[P+(SP]+2a-t—-S:T=0
While VT —[i+wxt+(tS)t] =S t+A xt—a-[T+P]

Yields the three relations

1 1 1
5(3'1 =201, 'EQ)'Z =—0(a, + Ny3 — lz)'§®'3 = —0@(az — Ny — l3)

Hence
. . 1 o1
j1 =0l ,j, = _E‘D(NB -1,), J3 = EQ(le +13)
1 1 1
Ji = _EQ)(SZZ + 533) ’ Joz = §®533 ’ J33 = 5(3522
1 1 1
K, = _E‘D(% —Npp—1l3), Kiz= EQ(az +Nis—1), K= _E¢a3

1 1 1
Ky3 = §®(N23 +1,), K3 = Eq)az , K3y = EQ(NZS -1
4. Non-null nonaligned field:

If p# and g* be the principal null directions of the electromatic field, we choose the electromagnetic frame
as{p*, q*, t# ,f”},

Wheret* andt" are a pair of complex null vectors constructednftavo space like vectors wittt fu =1and
p* andq* are normalized by#q, = 1.

If [# be a principal null direction of the gravitatiorfilld, we get
By a rotationy;, - ez, we may write

1 _
luzi(pu_qu"'tu"'tu)

And complete the null tetrad by choosing

1 _ 1 _
nu=§(_pu+qu+tu+tu)' muzz(pu+qu+tu_tu)
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Consequently ,

1(l +m, +m,) ! (2% + o)
Pu=5Cu =Mty Ty, ) ==
2 V2
1 = Lo !
qu=§(mu+mu—lu+nu)=ﬁ(2ﬂ—oﬂ)
1 = 1 l
tu=§(lu+nu+mu—mu)=—2(1ﬂ—3ﬂ)

V2

Hence the null vectors of electromagnetic frameeapgressed in terms of orthonormal tetrad in eyabg same
way as those of gravitational null tetrad framehwtite difference that the vectardu and2¢u are interchanged.
As a result the 3-vectogsandk and 3-dyadicg andK have in this case , components given by

. 1 ) .1 1 1
J1= _§®(N23 =L, j=0L,, js =5®(N12 + L), K, = _5(3(523 —AY), K, = 0A* K3 = 5(3(512 +43)

i = l(25533 Jiz = %Q)wg Jiz = 1(2)(513 +4%), )5 = _%(3(512 + 4= w?), Jp = —%(3(511 + S33),

2 -2

1 1 1 1 5 1 ,
]232—5(3(523_/1 +w?), ]3125(2)(513_/1)']32:_5(30) )

1 1 1 1
J33 = 5(3511 ; K= Z(Z)(Nll + Nz — N33) , K, = _E(Z)as Kz = EQ)(N13 + L), Kz
1 1
= _EQ)(% —Niz —L3), Ky, = _E(Z)sz ,

1 1 1
Ky3 = Ew(al + Ny3 —Ly) K3y = E‘D(NB —L,), K3, = §®a1 )

1
K33 = _ZQ)(Nll — Ny, — N33),

An analysis similar to that carried out in chapgirean be done in this case also. For differentd¥etypes of
Weyl tensors , we have

(i) Weyl tensor is of type N

c0
UV sy = === U™ Vg
(4
UV g = —= = WUV

(i) Weyl tensor is of type Il
Vi ps0 = V2 €20 = =V
V52 = V20x = V"3
(iil) Weyl tensor is of type-Il or D
VIV = =3¢ /N2 0 = VIV,

VIV = 3C3/\/Ex =iV Vg
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Hence for Petrov N, Weyl tensor

_Clo— _ 1

7 > Uozz — tJozs + iJosz + Joss + Usz1z + /313 — Ji22 + Ui23]
1 1 i 1 1 i 1 1 i
=5 —5(3(511 + 533) +§®(523 -4+ o) _EQ)(U +§¢511 _EQNZZ

1 1 i
+ E(b(ch + Npz — Ly) — E(bal - ZQ(Nll — Ny — N33)]
1
= Z®[_533 + Npz — Ly] + i@(2S,3 — 24" — Nyy — Ny + N33)

Cix 1 . . . .
% = E[‘]zoo + iJ300 * U310 *+ J120 + Jo21 — oz + Uz11 + J122]

1 3 i 2
=Z®(0) +N13+L2)_Z¢(a3_513_/1 )
For type , Il Weyl tensor

\/E CZ 0= 2[V20]200 + V30]300 + V31]310 + V12]120]

i 1
= —Ja00 + Uz00 + UJz10 + J120 = OL, — EQ(NIZ +L3) + A% + §®(S12 + /13)
= =2[V?% 01 + V3301 + V1?124]

= J201 — Y301 — U311 —J121
= —Joz1 + Yoz1 — U311 = J121

= —Jo1 + 31 — Ky — K3

1 3 3 i ) i [0)]
= §®(512 + 4% — w?) _5(3(513 -4 )+§Q)(a3 — Niz —L3) _E(NB —Ly)
1 )
V2 Gy =S 0(S, + 1) + Oy + 042 =~ 0(Ny, + L)

1 3y 1 3 L 2
25(3(512 + A )_EQ)((D +N13—L2)+§(2)(a3 =813 +4%)

— 50Ny, +Ls) (4
1
S Ly = _E(w3 +Niz—Ly) ; (Niz+Ly) =-w? (42)
2 _ 1 2 2
A =E(a3—513+/1); Siz3+ 4% =a; (43)

Also ,2 Cox = 2[V°%]o25 + Vo320 + V3315 + V'?]15,]

= Jozz — Yozz + Uz12 + J122
1 P 1
= _§®(511+533)+E¢w _E(Z)sz +E¢a1

=i(Jo2z — YJoss t /313 + J123)
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]9 i i 1)
=1 —5(523 - A+ wh) _5(3511 +§®(a1 + Noz — Ly) _Z(Nll — Ny, _N33)]

[} 0] 110] i
= 5511 -3 (ay + Npz — Ly) — 7(523 A+ ")~ Z(Nn — Np3 — N33)

P .
n 2V20x = 5(—533 —Npz + L) — i®(2523 — 24" + Nyy + Ny — N33)(A,)
For the type Il or D , Weyl tensor

3Cs0
_ \/7 — Vrtho]rst — Vrthl]rst

1
= E[—]ozz + o2z + Uosz + Jozs — iz12 — Ja13 — J1z2 + i/125]

" 0 . .
= % [[E (S11 + S33) _%(523 A+ wh) - é(bwl + %Q)Sn] + éQsz - %Q(‘h + Npz — Ly) — %Q)al -

%(Nn — Ny — N33)] = i @281 + S33 — 2a; — Npz + L] + i.(Z) [_523 + A" = 20! _%(Nn -

3Ny, —
]

(4s)

3c3x

. 1 . . . .
N Vrthz]rst = -y Jrst = 3 [=J200 + /300 + /310 + J120 + Joz1 — ozt + /311 + J121]

=%[¢L2 —%@(le + L3)] +ipA? +g(s12 +43) —%@(512 + A3 — wd) _5'@(513 — A2 —éfb(as — Ny, —
L) 4503 = L) = =100 + Nys + L) =1 0(as — Sy = 4) (45)

SX = 0
For Petrov type N, Weyl tensor we have froiy) and (43)

Also , in this case

Hence , fron(4s)

2511 +S33 - 2a1 _N23 +L1 =0

(Ag)

And from (4;), (4,)
S33 = —Np3 + L (4o)
Sps = A1 = =2 (Nyy + Ny, — Ny3) (A10)
S+ A2 —w*=Ny3+L,=0 (A1)
az— Sz +A*—=N;, —L; =0 (A12)

From(4,) and (4,)

Sint S =a4
From (As) a.nd (AIO) lNZZ = (1)1

From(4,) and(4,,)
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2L, = —(S1, + A3)
From(4;) and (4;,)
242 = Ny, + Ly
% = —%(23533 + %@(523 —AY); V2 0 = B[—S33 + i(Sy3 — AD)]
From these , we have for components of 3—veq_'tanzd§ and 3-dyadics
J andK .
K, =Js, Ki=—j,, Ju=J1, Jiz =Kz .,Jo2 = —Kz3 ,
K11 =K1,Ky; =J32, Kiz==J12, Jo1 = —Kz1, J3s1 =K1

Also, since
1
Sz — A+ ot = _E(Nn + Npz — N33) + Ny
1
= _E(Nn — Np; — N33)

And al + N23 - Ll = 2511 + 533 - Sll - 533 = 511

o Jaz = —Kss
And Ky3 = =33

Thusj ,k,],K canbe expressed in terms@fonlya,4,» and S, as
1 1 .
]1=E¢533=J11: J2 =_E¢(512+/1)=_k3:
: 2 1 1 1,
J3 = @A =k,, k1=_§®(523_/1)=1(11' ]1225(2)0) = —Ki3
1 1 3 3
J13 =—§Q)a3 =Ki,, ]212_5(2)(512 + A% —w’) ==Ky,

1 1 1 1
]22=_E¢a1=_K32 , ]23=_§®(523_/1 + ') = —Ks3,

1 1 , 1
J31 = _5(3(513 _/12) =Ky, Jsz = _EQ) W =Ky, J33= 5(3511 = —Kj3
AISO ,Cla = _\/E[Il + lkl]

Since we have, = —2w?® anda; = %wz , the expressions ¢f k ,J andK can be written in terms of

corotating axe$A — w = 0) as

1
j= 5(3[5332 = (S1z + A3y + 24%0]
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1 1 2 3
k= 5(3[—(523 — AU+ 2470 + (Sy; + 43)w)]
J =38 [Ssuu+ Auv 40 = Spvu— (S + 500~ S 10— (Si3 — ADeu— A0y + 5,0 0]
K= %@ [—(523 —A’)gg—%Azgy—/ﬁzg— (S13 = A)pu—Avy+Suvw+S,0u+t (S, +
S33)w v+ Sy3 QQ]
If the gravitational field is shear free,= 0 i.e.
S33=0, Sz =4

Hence,

J1=0=K, =J11 =Kpy

j=—(c+hy-ufo, k=-ufv +(C+hw

j.k=0

J=h(uv+trw)+fluwtouw)-jlro+wr)-blrr-we)-(c+hru-ufou=j+ju

K=fluv+vu)-h(luo+owuw)+b(vo+wv)-jluv-ww)-ufvu+(c+hou=K +ku

Where

1
2b = @511,2C = QSIZ ,2f = ®513 = _§®A2

29 = 0S,3 = @AY, 2h = 9A3
And
Jo=h(uv+vu)+fluw+wu)-glvw+wv)
Ko=fluv+vu)-h(uw+ou)+b(ve+wv)
Two symmetric traceless dyadics.

Thus for a non-null nonaligned electromagnetiaffi@teracting with a Petrov type N shear free gational
field we have simple expressions for the 3-vec;_ftasd§ and the 3-dyadicsandK .
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