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Abstract  
The theory of gravitational stability is necessary in order to understand physics of collision-less material of the 
Universe i.e. galaxies. Nuritdinov took a decisive step in this direction by constructing isotropic non-linear, non-
stationary model which describes the role of gravitational instability in galaxy/galaxies formation process. Since, 
isotropic model is a somewhat as idealized picture, the question arises of also examining anisotropic model in 
the initial state with non-stationary condition. In this paper, we construct a new anisotropic model for ring 
galaxies. Ring galaxies are very important, as ring formation involves the entire history of galaxies. The stability 
of ring oscillation mode can be expressed in the form of critical value of pulsation, amplitude and degree of 
rotation for anisotropic model.  
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1. Introduction 
Observations showed that many galaxies contain ring structures. Normally, they are spiral galaxies but the pure 
ring galaxies without spiral arms and the barred rings are also present. Many vague theories have been proposed 
on rings formation in galaxies. Earlier, scientists like Randers (1942), Icke (1979) and Lesceh (1990) proposed 
that rings are formed due to the viscous torques. It is interesting to note that rings may be formed at the turnover 
point of rotation curves where torque acts and collects matter. Renders claimed that accumulated collisions and 
scatterings were equivalent to a viscosity effect in stellar population. Cannon (1970) considered the formation of 
ring galaxy by the material of the disk galaxies separated from their nuclei due to an encounter with another 
galaxy, while Sersic (1970) suggested that the formation of transient annular structures is the material driven out 
from an exploding galaxy. 

 
Dostal & Metlov (1978) stated that the mechanism of the creation of the ring must be inbuilt in the galaxy. 
Vorontsov (1962) considered that galaxies are continuously transforming, from ring galaxies to spiral galaxies 
and they embrace a family of subtypes as do spiral galaxies. Vorontsov’ idea provided a motive for ring to be 
structural element of galaxies Vorontsov & Arkhipova (1974) noticed that the formation of ring galaxies is 
without any external influence. Danby (1965) argued that the existence of ring-like structures is related with the 
equi-potential surfaces in the rotating frame of the bar. Lin and Shu (1964) suggested wave theory which 
opposed the non-gravitational approaches. This theory’s growing importance of N-body simulations. Schwarz 
(1981) made it clear that resonance ring are formed by gravitational torques on the gas. This version of theory 
decreases the artificial viscosity and increases the formation of distinguished rings. Buta (1995) also proposed 
that since the rings are relatively slim features therefore they are always associated with gas, and are usually the 
site of enhanced star formation. However, reliable mechanisms of their formation and possible non-linear non-
stationary effects are not revealed till now. 

 
To find out the corresponding formation criteria of ring structures in galaxies, the constructions of various non-
stationary models comprising characteristic features of an early stage of global evolution of real systems are 
necessary. Therefore, in this paper, we construct new anisotropic model for ring structures in galaxies. 
2. Model of Pulsating Disk 
Let or and ov denote the radius and velocity vector of a star that is in equilibrium state where Ω  is the rotational 

parameter, σ  is the surface density of the system. For the pulsating state of the system, the coordinates and the 
velocity of the star shall be written in vector form as  

oo v)t(r)t(r β+α=   and  oo
&& v)t(r)t(v β+α=        

    (1) 
 Where ( )tα  and ( )tβ  are unknown function of time. Eq. (1) yields 

or)t(r Π=   and   222)t( βΩ+α=Π          (2) 

The equation (2) represents the elapsed timet , factor Π  will expand the disk while maintaining similarity. On 

the other hand, surface density )t(σ will vary in proportion to 3−Π , so that the following equation of motion will 

hold. 
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We can easily draw the expression for radial and transverse velocity component of star in the perturbed state of 
the system. The equation for the function Π  is 

 2222222 )( ΠβΩ+α=Ω+ΠΠ &&            (4) 

Hence, with the help of (3) and (4) the energy integral is  

E)
2
1

(
2
1 1222 =Π−ΠΩ+Π −−&            (5) 

Clearly, the constant 0E <  for otherwise the function ( )tΠ  would increase with time. The corresponding 

differential equation for  )t(Π  is  

0)()t( 3222 =Π−ΠΩ+Π −−&&           (6) 

As an analogy of two body problem in terms of eccentric anomaly, we may take 

∫
−Π=ψ

t

0

1dtq             (7) 

We find, after transforming from argument, t toψ , from equation (5), (6) and (7) that  

2

2
''

q
)()(

Ω=ψΠ+ψΠ            (8) 

where differentiation with respect to ψ  is signified by prime. From (8) together with (5), we obtain the solution  

)cos1(
q

)(
2

2

ψλ+Ω=ψΠ    and 
2

2q
1

Ω
−=λ         (9) 

provided that the state 0,0t =Π= &  corresponding to the epoch of maximum expansion.  Regarding this, we 

have evaluated dilation coefficient Π  of the pulsating disk. Equation (2) with equation (9) yields  

)cos(
q

)(
2

2

ψ+λΩ=ψα    and  ψ=ψβ sin
q

1
)(        (10) 

3. Initial Non-Equilibrium State and Basic Equation of Motion 

 The structure of a galaxy is defined by a distribution function ( )v,rf  in phase-space with six dimensions (three 

spatial coordinates for positions and three corresponding velocity components) at each moment (time) t. The 
phase-space is given by the product of configuration space and velocity space. Such a system of bodies is 
subjected to the potential φ  that is completely described by its phase-space distribution 

function ( )t,v,r;v,r;v,rf 332211 . The dynamical theory of collision-less stellar systems is based on Boltzmann 

equation and Poisson’s equation, which is given by 

  0
v

.
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=
∂
Ψ∂
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Ψ∂+

∂
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                         (11a) 

  dvduG4
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∫ ∫
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              (11b) 

whereΨ is the phase density and Φ  is the potential energy. It is difficult to solve equation (11) analyticaly due 
to presence of non linear term in it and dependence on seven variables. Nuritdinov had developed generalization 
of Bisnovaty-kogan-Zeldovich’s (1970) disk model with non-stationary background. The phase density of this 
non-stationary model [Nuitdinov (2008)] is given by  
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Where ψ  is an auxiliary variable, Ω  represent the rotation of disk with 10 ≤Ω≤ , and 

o
U

T2
1 













−=λ  define 

as virial ratio at the time of collapse. Also λ  varies from 10 ≤λ≤ , rv and ⊥v   are the radial and tangential 

velocity of the “particle” with coordinates ( )y,xr = . The function ( )tΠ  is the expansion coefficient of 

gravitating system such that  

( )
21

cos1
t

λ−
ψλ+=Π  and  ( ) 2321

sin
t

λ−

ψλ+ψ=           (13) 

and  

2
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a
sinr

1V
Π
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2b
r

v
Π
Ω=                  (15) 

4. Small Asymmetric Oscillation 
 
By considering a small potential perturbation against the background of a non equilibrium model (12), we have 
the following equation of motion for the displacement vector of centroid rδ   

( )
r

)(
r

d

rd
sin

d

rd
cos1 3

2

2

∂
Φδ∂Π=δ+

ψ
δψλ+

ψ
δψλ+                  (16) 

Where Φ = potential perturbation. The integral representation of the solution of (16) is as follows. 

( ) 11
3

6

6

d
r

,S)cos1(
q

r ψ








∂
Φδ∂ψψ×ψλ+Ω=δ ∫

ψ

∞−

                              (17) 

Where ),(S 1ψψ is the green function for the homogenous equation corresponding to (16). The potential 

perturbation Φδ  in accordance with the spatial homogeneity of the model is given by 
mNm r)(ar −ψ=Φδ

o
                (18) 

Here m is the azimuthal wave number, N is the primary index of the harmonic. Here for ring mode 
0m,4N == . According to Eq (1), the coordinates and velocities in the normal state are  

( ) ( )ψβ−ψβ= vrr &
o

 ; )(v)(rv ψα+ψα−= &
o

   and   ( ) ( ) ( )
oo

vrr 111 ψβ+ψα=ψ   (19) 

One of the authors of this paper with Nuritdinov (2008) constructed isotropic non-stationary model for ring 
galaxy. We proceed in the same way as in case of isotropic model. We derive dispersion relation by writing 
equation (18) in terms of its components. 
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Where vHrHr1

rrr

βα +=                 (21) 

 

( ) ( )[ ]11 sinsincoscos
cos1

1
H ψψ+λ+ψψ

ψλ+
=α            (22a) 

( ) ( )[ ]λ+ψψ−λ+ψψ
Ω

=β 1113

2

cossincossin
q

H o            (22b) 

The density perturbation can be calculated by the equation 
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5. Construction Of New Anisotropic Model 
 
Nuritdinov (1991), Antonov & Nuritdinov (1981) and Nuritdinov (1985) constructed non-stationary models for 
non-linearly pulsating spherical Einstein and Camm model. We used Nuritdinov’s weight function 

( ) ( ) ( )''2'" 11
2 ΩρΩΩ−Ω−
π

=Ωρ               (24) 

Where Ω  has been considered as a new parameter. We multiply this weight function with isotropic non-
stationary model (12) in order to get anisotropic model. Then, after multiplying equation (12), one obtains the 
corresponding new phase density function as 
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where the function 
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which requires that the condition 

( ) ( )2
ar

222
2

2

vvV1
r

1D −Π−Π−










Π
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should be valid. After some transformation which we already discussed in our paper [Sultana & Khalid (2012)], 
we can easily obtain the following anisotropic model of non-stationary self-gravitating system as 

( ) ( )Drv1o
Anis χΩ+

π
σ

=ψ ⊥                  (28) 

where ( )Dχ  is a Heaviside function. Ω again plays a role of a rotation parameter. The non-stationary analog of 

the dispersion relation is easily obtained by averaging (12) over Ω  with the weighting function (24). Actually, 

we substitute 'Ω=Ω  in equation (24). Then we integrate the result with respect to 'Ω with integration limit -1 
to 1 and finally get the required non-stationary analog equation for ring mode of the anisotropic model (28) for 
non-stationary gravitating systems. 
 
6. Derivation Of Dispersion Relation Of Anisotropic Model 
 
The non-stationary analog of dispersion relation has been achieved by comparing theoretical values of potential 
perturbation and density perturbation with their values calculated by non-stationary model .This method is 
already described and used in [Nuritdinov Sultana & Khalid (2008) and Sultana & Khalid (2013)].We calculated 
non-stationary analog of dispersion relation for ring mode in the same manner, which is given  by 

( ) ( ) ( ) 3,2,1,0;YsincosF 3k =τψψΠψψ+Λ=Λ ττ−
τ          (29) 

where Λ  is differential operator ,defined as  

( ) 1
d

d
sin

d

d
cos1

2

2

+
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ψλ+=Λ                (30) 
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( ) ( ) ( ) ( ) ( ) 332211oo MFMFMFMFY ψ+ψ+ψ+ψ=ψ             (31) 
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Equation (29) is system of eight second order non-linear differential equations which is not easy to solve 
analytically. We used method of periodic solution, which is well defined in [Malkin (1967)] to solve this system 
of differential equation. Method of Periodic solution gives eigen values of differential equations, on the basis of 
which we examine the stability of the system (As shown in Fig 1) 
This solution of system of differential equation has been used to construct a critical diagram for the initial virial 

ratio 
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as a function of Ω  for the system .This diagram shows that a non-linearly pulsating disk with 

random value of Ω  can remain unstable with 445.0
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which does not depend uponΩ . In other words, ring mode remains constant with respect to rotation 
parameterΩ . 

 
7. Conclusion 
 
In this study, we construct and examine the role of anisotropic model in the development of instability in ring 
mode. This model is formed against the background of specified non-stationary and non-equilibrium initial 
conditions. Non-stationary dispersion relation has been obtained for ring mode imposed on the non-stationary 

anisotropic model. Critical diagram between initial virial ratio 
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
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


and degree of rotation Ω  of the model for 

ring oscillations mode of the pulsating disk shows that ring oscillation mode does not depend on rotation 
parameter Ω  for anisotropic model. 
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